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In 1936, Lev Landau introduced the basic collisional kinetic model for plasma
physics, now commonly called the Landau–Fokker–Planck equation. With this
model he imported in plasma physics Boltzmann’s notion of relaxation by increase
of entropy, or equivalently loss of information.

In 1946, Landau came back to this field with a much more daring concept:
relaxation without entropy increase, with preservation of information, even when
collisions are neglected. This notion led to the extremely influential idea that
conservative partial differential equations may exhibit irreversible features.

Landau’s analysis was not directly based on the relevant kinetic model in plasma
physics, the Vlasov–Poisson equation, but only on a linearized approximation. The
validity of this approximation in large time has been questioned. A recent work in
collaboration with Mouhot [22] fills this gap and thus demonstrates that relaxation
is possible in confined reversible systems, without entropy increase nor radiation.
In this note I shall describe the main results and the main insights brought by the
proof.

1. Mean-field approximation

Large particle systems interacting via long-range collective interactions occur in
many situations in physics. Consider the most fundamental situation of classical
particles interacting via Newton’s equations in R

d:

mi ẍi(t) =
∑

j

Fj→i(t),
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where mi is the mass of particle i, xi(t) ∈ R
d its position at time t, ẍi(t) its

acceleration, and Fj→i is the force exerted by particle j on particle i. If all masses
are equal and the force derives from an interaction potential, in adimensional units
we obtain, after proper time-rescaling,

ẍi(t) = − 1

N

∑

j

∇W
(
xi(t) − xj(t)

)
.

In applications N can be of the order of 1020, and then such a large system of equa-
tions is hopeless. The mean-field limit N → ∞ transforms this system of many sim-
ple equations in just one (complicated) equation. To perform the limit, first rewrite
the equations in terms of the empirical measure µ̂N

t (dx dv) = N−1
∑

δ(xi(t),ẋi(t)):

∂µ̂N

∂t
+ v · ∇xµ̂N + FN (t, x) · ∇vµ̂N = 0, FN = −

(
∇W ∗x,v µ̂N

)
;

then take the limit N → ∞ to get an equation for the limit measure µt(dx dv).
Assuming that µt(dx dv) = f(t, x, v) dx dv, we can formally simplify by the invari-
ant measure dx dv; the result is the nonlinear Vlasov equation with interaction
potential W . In this model the unknown f = f(t, x, v) is a time-dependent density
distribution in phase space (position, velocity), and the equation is

∂f

∂t
+ v · ∇xf + F (t, x) · ∇vf = 0 (1)

F = −∇W ∗x ρ ρ(t, x) =

∫
f(t, x, v) dv, (2)

To escape the discussion of boundary conditions and to avoid dispersion effects at
infinity, I shall only consider periodic data, that is, x ∈ T

d = R
d/Z

d.
The most important case of application is the Vlasov–Poisson equation in

plasma physics, where heavy ions are treated as a fixed background, f(t, x, v)
is the density of electrons, treated as a continuum, and the interaction potential
is the Coulomb potential (the fundamental solution of −∆). Another archetypal
interaction is the Newton potential, which differs from the Coulomb potential only
by a change of sign and units; the resulting equation is the gravitational Vlasov–
Poisson equation, of considerable importance in astrophysics.

Before going on, let me notice that while the mean-field limit is well-understood
for smooth interactions [4, 8, 23], it has never been put on rigorous footing for
Coulomb or Newton interactions. For singular potentials the only available results
are those of Hauray and Jabin [11], which miss the Coulomb singularity by (a
little bit more than) one order, and assume very stringent conditions of uniform
interparticle separation at initial time.

2. Qualitative behavior of the Vlasov equation

The Vlasov equation (1) is a time-reversible transport equation; it is in some
sense Hamiltonian [1] [15, Section 6]. In contrast with the Boltzmann equation, it
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keeps the value of Boltzmann’s entropy, −
∫∫

f log f dv dx, constant in time. Its
invariances are well-known: preservation of the energy (kinetic energy + potential
energy), and preservation of all integrals of f , that is, all functionals of the form∫∫

A(f) dv dx.
This equation admits many, many equilibria: first, any spatially homogeneous

function f0 = f0(v) is an equilibrium; next, there is a general recipe to construct
inhomogeneous equilibria on T

d×R
d, known as BGK (Bernstein–Greene–Kruskal)

waves [3]; the theory of these equilibria is still in their infancy in spite of wide
speculation.

The long-time behavior of the Vlasov–Poisson equation has been the object of
much debate and speculation: does the kinetic distribution converge to an equilib-
rium by means of conservative phenomena? Which equilibria are stable and which
ones are not? Is there a recipe to predict the “most likely” asymptotic equilibria?
Is there an invariant measure on solutions of the Vlasov–Poisson equations? These
questions are of great interest in particular in astrophysics, since the apparent ap-
proximate homogeneity of galaxies cannot be explained by means of the very slow
entropy production mechanisms. At the end of the sixties, Lynden-Bell introduced
the mysterious notion of (collisionless) violent relaxation to solve this paradox
[16, 17]; this is still the object of much debate.

In this ocean of conjectures and mysteries about collisionless relaxation, the
only little island on which we can set foot, so far, is the Landau damping, which
holds in the neighborhood of stable homogeneous equilibria, as I shall now explain.

3. Linearization

In the sequel I will use Fourier transform in both x and v variables, writing

f̂(k, v) =

∫
f(x, v) e−2iπk·x dx, f̃(k, η) =

∫∫
f(x, v) e−2iπk·x e−2iπη·v dv dx.

Let f0 = f0(v) be a homogeneous equilibrium. Let us write f(t, x, v) = f0(v)+
h(t, x, v), assume ‖h‖ ≪ 1 in some sense, and accordingly neglect the quadratic
term in (1). The result is the linearized Vlasov equation:

∂h

∂t
+ v · ∇xh + F [h](t, x) · ∇vf0 = 0, F [h] = −∇xW ∗x,v h; (3)

here F [h] is the force field generated by the distribution h.
Applying the Duhamel formula (considering F [ · ] · ∇vf0 as perturbation of

v · ∇x), then taking the Fourier transform in x and integrating in v yields the
closed equation on ρ1(t, x) =

∫
h(t, x, v) dv:

ρ̂1(t, k) = h̃i(k, kt) +

∫ t

0

K0(t − τ, k) ρ̂1(τ, k) dτ, (4)

where
K0(t, k) = −4π2 Ŵ (k) f̃0(kt) |k|2t. (5)
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Appreciate the miracle: the Fourier modes ρ̂1(k), k ∈ Z, evolve in time indepen-
dently of each other, and satisfy a convolution equation — a simple instance of
Volterra equation. In a way this expresses a property of complete integrability,
which can actually be made more formal [21].

The convolution equation (4) can be studied by means of Fourier–Laplace

transform. If (a) f̃0(η) = O(e−2πλ0|η|), (b) the Laplace transform (in time) of
the kernel K0 does not approach 1 in a strip {0 ≤ Re ξ ≤ λL|k|}, and (c)

h̃i(k, η) = O(e−2πλ|η|), then (4) implies exponential time-decay of nonzero modes of
the density perturbation: ρ̂1(t, k) = O(e−2πλ′|k|t), for any rate λ′ < min(λ, λ0, λL).
As a consequence the force F [h] decays exponentially fast. This phenomenon dis-
covered in [14] is called Landau damping. (Physics textbooks usually focus on
λL, the Landau damping rate, as dictating the relaxation rate; but λ0 and λ should
not be forgotten in case f0 and hi are not entire functions.)

The existence of a positive decay rate λL is guaranteed by the analyticity of f0

and the Penrose stability condition, which in dimension d = 1 reads

∀ω ∈ R, (f0)′(ω) = 0 =⇒ Ŵ (k)

∫
(f0)′(v)

v − ω
dv < 1. (6)

The multidimensional version is that for any k ∈ Z
d, the one-dimensional marginal

of f0 along the axis k satisfies this criterion. For instance, this stability criterion
always holds true for Coulomb interaction in dimension 3 if f0 is a radially sym-
metric distribution. On the contrary, for Newton interaction, even the Gaussian
distribution may be stable or unstable, depending on the temperature (or equiva-
lently, up to rescaling, on the size of the periodic box); this is the phenomenon of
Jeans instability, which qualitatively explains the fact that stars tend to cluster in
galaxies rather than spread around uniformly.

The following theorem summarizes the situation; since Landau’s original work
it has proven and reproven by many authors in various formalisms and with various
degrees of precision, generality and rigor [2, 7, 12, 20, 22, 25, 27, 28].

Theorem 3.1 (Landau’s damping theorem). Let f0 = f0(v) be an analytic ho-

mogeneous equilibrium, with |f̃0(η)| = O(e−2πλ0|η|), and let W be an interaction

potential such that ∇W ∈ L1(Td). Let K0 be defined in (5); assume that there is

λL > 0 such that the Laplace transform (K0)L(ξ, k) of K0(t, k) stays away from

the value 1 when 0 ≤ Re ξ < λL|k|. Let further hi = hi(x, v) be an analytic ini-

tial perturbation such that h̃i(k, η) = O(e−2πλ|η|). Then if h solves the linearized

Vlasov equation (3) with initial datum hi, one has exponential decay of the force

field: for any k 6= 0, and any λ′ < min(λ0, λL, λ),

F̂ [h](t, k) = O(e−2πλ′|k|t).

In particular, F [h] converges to 0 exponentially fast as t → ∞.

Moreover, Penrose’s stability condition (6) guarantees the existence of λL > 0.

Note that high modes decay faster, low modes decay slower. The infrared cutoff
imposed by the periodic boundary conditions implies a uniform lower bound on
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the decay rate of the various modes; if the problem is set in the whole space, the
very slow decay of very low spatial frequencies prevents the exponential decay of
the force [9, 10].

4. Nonlinear Landau damping

The impact of Landau’s discovery cannot be overestimated: Landau damping
nowadays is one of the cornerstones of classical plasma physics [26].

However, half a century ago, Backus [2] raised a serious objection against Lan-
dau’s reasoning. He argued that the linearization approximation is not justified in
large times for the Vlasov equation, because the amplitude of ∇vh(t, x, v) grows
at least linearly in time, due to the appearance of fast oscillations as t → ∞; so
even if ∇vh is initially of size O(ε), after time O(1/ε) it will be of size O(1).

O’Neil [24] further predicted that the linearization approximation anyway breaks
down on time scales O(1/

√
ε), where ε is the size of the perturbation; this is well

checked on numerical schemes. So if one is interested in larger time scales, the ques-
tion naturally arises whether damping does hold for the nonlinear Vlasov equation,
at least in the perturbative regime near a stable spatially homogeneous equilibrium.

This question seems to pose formidable difficulties: the nonlinear equation
does not have the beautiful structure of the linearized equation; moreover the
density f(t, x, v) develops fast oscillations which prevent any uniform smoothness
bound, a fortiori analytic regularity. Numerical simulations on such long time
scales are not fully reliable, and sometimes subject to controversy. Isichenko [13]
argued that the convergence to equilibrium in the nonlinear case should be very
slow. However, Caglioti and Maffei [5] proved the existence of some exponentially
damped solutions, leaving open the question of their genericity.

The following recent theorem by Mouhot and myself ends the debate:

Theorem 4.1 (nonlinear Landau damping). Let f0 be an analytic profile satisfying

the Penrose linear stability condition. Further assume that the interaction potential

W satisfies

Ŵ (k) = O

(
1

|k|2
)

. (7)

Then one has nonlinear stability and nonlinear damping close to f0. More pre-

cisely, there is ε > 0 such that if fi is an initial datum satisfying

|f̃i − f̃0|(k, η) ≤ ε e−2πµ|k| e−2πλ|η|,

∫∫
|fi(x, v) − f0(v)| e2πβ|v| dx dv ≤ ε

and f(t, x, v) is the solution of the nonlinear Vlasov equation (1) with interac-

tion potential W and initial datum fi, then F [f ](t, · ) converges exponentially fast

to 0 as t → +∞. Moreover, f(t, · ) converges weakly to an analytic homogeneous

equilibrium f∞ = f∞(v).

This theorem is perturbative, and in fact there is convincing numerical evi-
dence that the conclusion should not hold for large perturbations of equilibrium.
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Nevertheless the strength of Theorem 4.1 is that it theoretically demonstrates the
possibility of relaxation to equilibrium without any dissipation or randomness in
a non-radiating, time-reversible, entropy-preserving system.

Theorem 4.1 also predicts the existence of a limit distribution f∞(v). The
constructive nature of the proof of Theorem 4.1 provides a natural approximation
scheme for that limit. By time-reversibility there is also a limit distribution in
negative times, and one may check that in general it differs from f∞, implying
that the limit distribution does not depend only on the invariants of the equation.

There is no contradiction between the reversibility of the Vlasov equation and
the effective irreversibility of the behavior expressed by Theorem 4.1: the expla-
nation is that although information is preserved for all times, it becomes stored
in high-frequency variations of the distribution function in the kinetic variable.
This transfer of information from low to high modes acts like a cascade in phase
space, which we like to interpret in terms of regularity: the regularity deteriorates
in the velocity variable because of the fast oscillations, but at the same time the
regularity of the force in the position variable improves with time.
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Figure 1. A slice of the distribution function (relative to a homogeneous equilibrium)
for gravitational Landau damping, at two different times; notice the fast oscillations of
the distribution function, which are very difficult to capture by an experiment. Image
courtesy of Francis Filbet.

The rest of this text is devoted to a sketchy presentation of the main tools
underlying the proof of Theorem 4.1.

5. Gliding analytic regularity

To estimate solutions of the nonlinear Vlasov equation in analytic regularity, let us
look for an analytic norm which behaves well under composition (because the solu-
tion of a linear transport equation is obtained by composition with the trajectories
of particles); and which does not fear the fast oscillations.
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Figure 2. Time-evolution of the norm of the field, for electrostatic (on the left) and
gravitational (on the right) interactions. In the electrostatic case, the fast time-oscillations
are called Langmuir oscillations, and should not be mistaken with the velocity oscillations.

The first problem (composition) is solved by using algebra norms, well-known
in certain areas of mathematics: two such norms are defined (say in dimension 1)
by

‖f‖Fλ =
∑

k∈Z

e2πλ|k| |f̂(k)| ‖f‖Cλ =
∑

n∈N0

λn

n!
‖f (n)‖L∞ , (8)

where f (n) stands for the derivative of order n of f , and N0 = {0, 1, 2, . . .}. The first
norm (as it is written) makes sense only for periodic functions, while the second
one makes sense for any smooth function on R. Both satisfy ‖fg‖ ≤ ‖f‖ ‖g‖,
and as a consequence also satisfy nice formulas for the composition: with obvious
notation, ∥∥∥f ◦ (Id + G)

∥∥∥
λ
≤ ‖f‖ν, ν = λ + ‖G‖λ.

The second problem (fast oscillations) is resolved by taking away the contri-
bution of the free transport. This is like a scattering philosophy: to estimate the
solution of the perturbed kinetic equation at time t, first evolve it backwards from
time t to time 0, using the (reversed) free transport equation.

So the smoothness scale is devised by comparison with the solution of the free
transport, and there is an information cascade from low to high modes, as in weak
turbulence theory. We call this the gliding regularity.

All in all, we introduce a functional norm which mixes the two recipes appearing
in (8) (one recipe for the position variable, another one for the velocity variable),
and kills fast oscillations by replacing differentiation along ∇v by differentiation
along ∇v + t∇x:

‖f‖
Z

λ,(µ,γ);p
τ

=
∑

k∈Zd

∑

n∈Nd
0

e2πµ|k| (1 + |k|)γ λn

n!

∥∥∥
(
∇v + 2iπτk

)n
f̂(k, v)

∥∥∥
Lp(dv)

. (9)

By default, τ = 0, γ = 0 and p = ∞.
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The five indices might seem a burden, however they provide a lot of flexibility.
The parameter τ can be adjusted as one wishes, but should not be too far from
the physical time. Please note that the Z spaces are ordered with respect to the
parameters λ, µ, γ and (cheating a bit) p, but not with respect to the parameter
τ , at least not with uniform constants.

One can work out nice properties of the Z norms with respect to product,
composition, differentiation, inversion. For instance:

∥∥∥f
(
x + X(x, v), v + V (x, v)

)∥∥∥
Zλ,µ;p

τ

≤ ‖f‖Zα,β;p
σ

,

where α = λ + ‖V ‖Zλ,µ
τ

, β = µ + λ|τ − σ| + ‖X − σV ‖Zλ,µ
τ

.
Finally, as soon as one has a good decay in velocity space, one may embed the

complicated Z spaces into more naive functional spaces, such as

‖f‖Yλ,µ
τ

:= sup
k,η

∣∣f̃(k, η)
∣∣ e2πλ|η+kτ | e2πµ|k|.

6. Characteristics

Let us consider the linear Vlasov problem, where particles move in a given force
field F , satisfying the same estimates as if it was induced by a solution f of the
free transport. Then the regularity of F improves with time: if f is analytic, then

∥∥F (t, · )
∥∥
Fλt+µ = O(1)

for some λ, µ > 0.
Then the solution f is given by the composition of the initial datum, fi, by

the characteristic equations (trajectories). So, to understand the solution of the
equation, it is sufficient to understand these characteristics; we define

St,τ (x, v) =
(
Xt,τ (x, v), Vt,τ (x, v))

)

as the position and velocity at time τ of particles which are transported by the
force field F and which at time t will have position x and velocity v. To compare
S with the free transport evolution S0

t,τ (x, v) = (x − (t − τ)v, v), introduce

Ωt,τ = St,τ ◦ S0
τ,t. (10)

That is, start from time τ , evolve by the free dynamics up to time t, and then evolve
it backwards by the perturbed dynamics to time τ . As t → ∞, Ωt,τ converges to
what is usually called a scattering transform.

A fixed point argument shows the following: if λ′ < λ, µ′ < µ and

‖F (t, · )‖Fλt+µ ≤ ε (µ − µ′) (λ − λ′)2

C
,
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for C large enough, then

∥∥Ωt,τ − Id
∥∥
Zλ′,µ′

τ
≤ C ε e−2π(λ−λ′)τ min

(
t − τ,

1

λ − λ′

)
.

This estimate shows that the dynamics asymptotically looks like free transport; it
is good because it is (a) uniform as t → ∞; (b) small as τ → t; (c) exponentially
small as τ → ∞.

The loss of regularity index is roughly of order O(ε1/3); we shall see later how
to improve this by playing on the parameters of the norm.

7. Reaction

Now let us consider the force as the unknown, and let the force act on a given
time-dependent distribution f(t, x, v) = f0(v) + h(t, x, v). Then the equation is

∂f

∂t
+ v · ∇xf + F [f ](t, x) · ∇vf(t, x, v) = 0, (11)

which formally describes the evolution of a gas of particles which acts by forcing
the distribution f , such that there is a flux of particles from distribution f to
distribution f , which exactly reacts to the effect of the force and guarantees that
f is unaffected.

Let us set artificially f0 = 0 to focus on the effect of the nonlinearity. Applying
the Duhamel principle, Fourier transform and integration in velocity, we obtain

ρ̂(t, k) = f̃i(k, kt) +

∫ t

0

∑

ℓ

∇̂W (k − ℓ) ρ̂(τ, k − ℓ) (∇̃vf)
(
τ, ℓ, k(t − τ)

)
dτ. (12)

Of course all modes of the density are now coupled; to bound them all together,
let use the norm ‖ρ‖Fλt+µ. We assume that Ŵ (k) = O(1/|k|1+γ) as k → ∞, and
that f satisfies the same estimates as a solution of free transport:

∣∣∣∇̃vf
(
τ, ℓ, k(t − τ)

)∣∣∣ ≤ C |k|(t − τ) e−2πλ|k(t−τ)+ℓτ | e−2πµ|k|.

Plugging this bound in (12) leads to an integral equation replacing (4):

‖ρ(t)‖Fλt+µ ≤ A(t) + C

∫ t

0

K(t, τ) ‖ρ(τ)‖Fλτ+µ dτ, (13)

where A(t) =
∑

k e2π(λt+µ)|k| |h̃i(k, kt)| remains bounded if λ is small enough, and

K(t, τ) = sup
k,ℓ

(
|k|(t − τ) e−2π(λ−λ)|k(t−τ)+ℓτ | e−2π(µ−µ)|ℓ|

1 + |k − ℓ|γ

)
. (14)
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Note that the argument inside the supremum is not uniformly small for large k
and large t: a resonance phenomenon occurs for

k(t − τ) + ℓτ = 0,

similar to the celebrated echo experiment performed by Malmberg and collabora-
tors in the sixties [18, 19].

The bad news about kernel (14) is that it grows linearly with time: K(t, τ) is

in general not better than O(τ), and
∫ t

0
K(t, τ) dτ = O(t), suggesting a potential

superexponential instability. But the good news is that the interaction comes with
an important delay. To appreciate this, compare the integral equations ϕ(t) ≤∫ t

t−1 τ ϕ(τ) dτ (allowing superexponential growth) and ϕ(t) ≤ t ϕ(t/2) (imposing
subexponential growth).

Also the influence of the singularity of the interaction potential W is seen on
(14): the more singular it is, the slower the decay as |k− ℓ| → ∞, the stronger the
coupling between different modes.

To estimate solutions of (13) one can use exponential moment estimates. The
idea is that ∫ t

0

e−εt K(t, τ) eετ dτ (15)

will be smaller if K favors large values of t − τ . In the present case,
∫ t

0

e−εt K(t, τ) eετ dτ ≤ C

εr tγ−1
, (16)

for some constants C > 0, r > 0, and ε arbitrarily small. The important fact is
that the bound on the right-hand side of (16) decays as t → ∞, at least for γ > 1.
One can use this information to show that solutions of (13) cannot grow faster
than O(eεt), where ε is as small as desired; stated otherwise, there is an arbitrarily
small loss on the decay rate.

This method accommodates with the presence of f0, at the price of technical
estimates involving further information on K(t, τ):

(∫
e−2εt K(t, τ)2 e2ετ dτ

)1/2

≤ C

εr tγ−1/2
, sup

τ≥0

∫ ∞

τ

eετ K(t, τ) e−εt dt ≤ C

εr
.

As γ → 1, the coupling becomes so strong that the previous method no longer
works; instead one can work out a more complicated scheme where all modes
are estimated separately, rather than within a single norm. The resulting infinite
system of inequalities also provides an arbitrarily small loss on the exponential
decay rate.

8. Newton’s scheme

To overcome the loss of decay rate observed in the solution of the linearized prob-
lem, we adapt to the present setting the classical Newton algorithm, thus construct-
ing the solution of the nonlinear Vlasov equation as a superposition of solutions of
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linear equations: f = limn→∞ fn, fn = fn(t, x, v) being defined as

fn = f0 + h1 + . . . + hn,

where

• f0 = f0(v) is the homogeneous equilibrium;

• h1 solves the linearized Vlasov equation around f0, starting from fi − f0;

• for any n ≥ 1, hn+1 solves the linear equation

∂hn+1

∂t
+ v · ∇xhn+1 + F [fn] · ∇vh

n+1 + F [hn+1] · ∇vfn = −F [hn] · ∇vh
n (17)

with initial datum hn+1(0, · ) = 0. The fact that hn appears quadratically in the
right-hand side of (17) formally guarantees that the convergence of the scheme is
extremely fast (almost like δ2n

).
The analytic regularity of the solution of this system of equations is first esti-

mated for short times, as in Cauchy–Kowalevskaya theory.
Large time estimates are much more tricky and involve all the ingredients from

sections 5 to 7. First one composes by the characteristics induced by F [fn], in
order to get rid of the term F [fn] · ∇vhn+1. This does not harm much if we can
show that these trajectories are asymptotic to free transport in a suitable sense.
Then the reaction analysis and echo control provide the decay of the force, with
an arbitrarily small loss on the rate of decay. The overall goal is to set up a
virtuous circle: if F [fn] decays fast, the trajectories will be close to free transport
trajectories, and in particular will induce a good mixing of hn+1; and in turn this
will imply a fast decay of F [hn+1].

The implementation of these ideas is particularly technical. Let ρn
t (x, v) =∫

hn(t, x, v) dv, and Ωn
t,τ = Sn

t,τ ◦ S0
τ,t, where Sn are the characteristics induced by

F [fn]. Two key estimates which are propagated along the scheme are:

sup
τ≥0

‖ρn
τ ‖Fλnτ+µn ≤ δn, sup

t≥τ≥0

∥∥hn
τ ◦ Ωn−1

t,τ

∥∥
Z

λn(1+b),µn ;1

τ−
bt

1+b

≤ δn, (18)

where b(t) = B/(1 + t) for some well-chosen parameter B > 0. Notice the shift
in the indices of the norm of hn, where the regularity is modulated depending on
the final time t: this trick, combined with the decay of the force field, allows to
circumvent the fixed loss of regularity due to the composition by the characteristics.

A number of auxiliary estimates are propagated: schematically,
• Ωn ≃ Id, ∇Ωn ≃ I;
• Ωn − Ωk is small and (Ωk)−1 ◦ Ωn ≃ Id as k → ∞, uniformly in n;
• hk ◦ Ωn, ∇hk ◦ Ωn, ∇2hk ◦ Ωn are small as k → ∞, uniformly in n;
• (∇hn+1) ◦ Ωn ≃ ∇(hn+1 ◦ Ωn)

A key step is a self-consistent estimate on ρn+1 =
∫

hn+1 dv: among other ingre-

dients, the assumption Ŵ (k) = O(1/|k|2) is used there to ensure that ‖∇Fn+1‖ ≤
C ‖ρn+1‖, so that

‖Fn+1 ◦ Ωn − Fn+1‖ ≤ ‖∇Fn+1‖ ‖Ωn − Id‖ ≤ ‖ρn+1‖ ‖Ωn − Id‖,
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with the same norm on the left-hand and right-hand sides.
The implementation of the scheme is done in a number of steps at each stage,

each of which involves a small loss on the gliding regularity, and large constants.
But the latter are all eventually wiped out by the extraordinarily fast convergence
of the Newton scheme:

δn = O
(
δan)

, 1 < a < 2.

In the end remains the uniform bound

sup
n∈N

sup
t≥0

(
‖fn(t, · ) − f0‖Zλ,µ;1

t
+ ‖Fn(t, · )‖Fλt+µ

)
= O

(
‖fi − f0‖

)
. (19)

From this follows a uniform bound on the solution f , and the exponential decay
on the force F (t, · ), which in turn implies that f(t, x + vt, v) converges to some
distribution function g(x, v). Then f(t, x, v) is asymptotic to g(x− vt, v), and the
existence of the asymptotic profile f∞(v) follows by the homogenization properties
of the free transport.

9. Conclusions

Theorem 4.1 establishes that Landau damping survives nonlinearity: this solves a
controversial problem posed half a century ago. The proof of this result is tech-
nical and complex, but constructive and based on elementary tools. It provides a
hands-on approach of the long-time behavior of the nonlinear Vlasov equation, and
singles out the mechanism and the important ingredients behind Landau damping:
confinement, mixing, and the Riemann–Lebesgue lemma.

The construction bears several similarities with the Kolmogorov–Arnold–Moser
theory [6]. Indeed, the linearized Vlasov equation is completely integrable in some
sense, the nonlinearity acts as a perturbation, and the loss of regularity occurring
in the solution of the linearized Landau problem can be overcome by a Newton
scheme. In our case, the most severe reason for the loss of regularity is the for-
mation of echoes due to the oscillatory nature of solutions. In this sense the proof
provides an unexpected bridge between three of the most famous paradoxical state-
ments from classical mechanics of the twentieth century: Landau damping, KAM
theory, and the echo experiment. This is all the more remarkable that this bridge
only appears in the treatment of the nonlinear Vlasov equation, while Landau was
dealing specifically with the linearized equation.

However, in contrast with classical KAM theory, the solution of the linearized
Vlasov equation implies a loss of infinitely many derivatives; in Fourier space, this
is like mutiplication by e|ξ|

α

with 0 < α < 1. This high loss of regularity is one of
the main reasons why we are unable to run a classical Nash–Moser regularization
scheme and get results in Ck regularity. Instead, we are only able to work in
Gevrey regularity, and formulate a guess for the critical regularity: Gevrey-3 (that
is, derivatives growing like n!3).
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After this theorem, many new problems can be formulated: extension to other
models, to inhomogeneous equilibria, long-time behavior of less smooth data,
mean-field limit in the perturbative regime... A number of old problems also re-
main wide open, such as the understanding of the statistical theory of the Vlasov
equation. When addressing these issues, just as the problem which motivated The-
orem 4.1, we must bear in mind that the goal of mathematical physics is not to
rigorously prove what physicists already know, but rather through mathematics to
get new insights about the physics, and from physics to identify new mathematical
problems.
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