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FUNCTIONAL INEQUALITIES AND MASS TRANSPORTATION

C. VILLANI

In this review paper we shall explain how the trend to equilibrium for some dissipative
equations can be studied via certain classes of functional inequalities, with the tool of
mass transportation directly or indirectly involved. This short account is mainly intended
to give an idea of the subject, a more precise review is given in chapter 9 of [26], or in
the research papers [24, 23, 12]. We shall also discuss a few directions of possible future
research.

1. A PDE problem

Let us consider a set of particles undergoing at the same time diffusion, drift by an
external potential force and nonlinear interaction drift. If ρ(t, x) stands for the time-
dependent density of particles (t ≥ 0, x ∈ R

n), then a natural evolution model for ρ is
the partial differential equation

(1)
∂ρ

∂t
= ∆P (ρ) + ∇ · (ρ∇V ) + ∇ · (ρ∇(ρ ∗x W )).

Here P (ρ) stands for the pressure associated with the density ρ, V is the external potential,
while W is the interaction potential giving rise to the interaction force; it will always be
assumed to be symmetric (W (−z) = W (z)). This equation is often called a McKean-
Vlasov equation in the particular but most important case P (ρ) = ρ. It can be considered
as a relaxed version of the standard Vlasov equation in kinetic theory (note that, contrary
to the kinetic picture, there is no velocity variable here in the phase space).

To such an equation is associated a Lyapunov functional, or “entropy”, or “free energy”,

(2) F (ρ) =

∫

U(ρ(x)) dx+

∫

ρ(x)V (x) dx+
1

2

∫

ρ(x)ρ(y)W (x− y) dx dy,

which can be decomposed into the sum of an internal energy, a potential energy and an
interaction energy. The relation between U and P is U ′′(ρ) = P ′(ρ)/ρ; of course one
should impose U(0) = 0. In particular, when P (ρ) = ρ one finds U(ρ) = ρ log ρ, so that
the internal energy coincides with Boltzmann’s H functional.

To see that F is a Lyapunov functional along (1), note that this equation can be
rewritten as

∂ρ

∂t
= ∇ ·

[

ρ∇δF

δρ

]

,

where δF/δρ stands for the gradient of the functional F with respect to the L2 Hilbert
structure. In view of this rewriting, one sees that, at least if we deal with smooth, strong
solutions of (1),

d

dt
F (ρ(t)) = −

∫

ρ(t)

∣

∣

∣

∣

∇δF

δρ
(t)

∣

∣

∣

∣

2

≤ 0.

1
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In the sequel, we shall improperly call the functional

(3) D(ρ) =

∫

ρ

∣

∣

∣

∣

∇δF

δρ

∣

∣

∣

∣

2

the entropy dissipation associated with the density ρ and with the functional F .
Before we go further, let us give some examples to illustrate how the energy F and the

partial differential equation (1) are related. In all the sequel, we shall only deal with L1

probability densities and identify ρ with its density.

- when F (ρ) =
∫

ρ log ρ, then (1) is nothing but the linear heat equation, ∂tρ = ∆ρ;

- when F (ρ) = (m− 1)−1
∫

ρm, m > 1, then (1) is the simple porous-medium equation
∂tρ = ∆ρm (when m < 1 the same equation is often called fast diffusion equation);

- when F (ρ) = (m − 1)−1
∫

ρm +
∫

ρ|x|2/2 dx, m > 1, then (1) is the porous medium
equation with drift, ∂tρ = ∆ρm + ∇ · (ρx), which arises as a rescaled version of the plain
porous medium equation [15, 22, 13];

- when F (ρ) =
∫

ρ log ρ +
∫

ρV , then (1) is the linear Fokker-Planck equation, ∂tρ =
∆ρ+ ∇ · (ρ∇V );

- when F (ρ) = σ
∫

ρ log ρ+λ
∫

ρ|x|2/2 dx+(1/2)
∫

ρ(x)ρ(y)|x−y|3/3 dx dy, then (1), in
dimension n = 1, is the simple kinetic model for granular flow exchanging energy with a
thermal bath, which is discussed in [4] (actually variants of this model were first suggested
by the physicists McNamara and Young, see references therein).

In all these cases, the Cauchy problem for (1) is either well-known or does not entail
real difficulties, at least when the initial datum is well-behaved. The problem which is
addressed now is not the Cauchy problem, but the asymptotic behavior of the density as
t→ ∞.

Since F is a Lyapunov functional, one can 1) ask whether there is a unique minimizer
ρ∞ of F , 2) ask whether ρ(t) converges to ρ∞ as t→ ∞, 3) search for a rate of convergence.
Implicit in the formulation of the last two questions is the important issue, how should
we measure the distance between ρ and ρ∞ ? There are several possible answers, the most
common being

(1) the entropy sense: one introduces the “relative entropy”

F (ρ|ρ∞) = F (ρ) − F (ρ∞)

and gets interested in the convergence of this quantity towards 0. This choice will
turn out to be the most convenient for a functional treatment.

(2) the Wasserstein sense: since one is dealing with probability measures, one can
use the Monge-Kantorovich distances (see [25]) to measure the distance between
ρ and ρ∞. The particular structure of our problem favors the Monge-Kantorovich
distance with quadratic cost, which is often called the Wasserstein distance,

W2(ρ, ρ∞) =

√

inf

{
∫

dπ(x, y)|x− y|2; π ∈ Π(ρ, ρ∞)

}

,

where Π(ρ, ρ∞) stands for the set of all joint measures on R
n ×R

n with marginals
ρ and ρ∞. In other words, π ∈ Π(ρ, ρ∞) if and only if for all bounded continuous
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functions ϕ, ψ,
∫

[ϕ(x) + ψ(y)]dπ(x, y) =

∫

ρϕ +

∫

ρ∞ψ.

(3) the L1 sense: this consists in just measuring the distance to equilibrium by the
quantity ‖ρ− ρ∞‖L1 . This choice has the advantage of simplicity.

In the sequel we shall show on some examples how to obtain rates of convergence in
entropy sense, then in Wasserstein and also in L1 sense.

2. Functional inequalities

Let us introduce the three basic classes of functional inequalities which will be useful
for us :

• entropy – entropy dissipation inequalities: these are functional inequalities
of the type

∀ρ, D(ρ) ≥ Φ(F (ρ|ρ∞)),

where Φ is a nonnegative continuous function, strictly increasing from 0. Since
D(ρ) is the negative of the time-derivative of F (ρ|ρ∞) along equation (1), an
entropy-entropy dissipation inequality implies convergence to equilibrium in en-
tropy sense, with explicit rate if Φ is reasonable (in particular, if Φ(r) = Kr for
some K > 0, then the convergence to equilibrium is at least exponentially fast
with rate K). Sometimes such an inequality may hold not for all probability den-
sities ρ, but for a restricted class; if one is able to prove that solutions to (1) fall
into this class, then one can still conclude to the trend to equilibrium. The same
remark should be made for the next two classes of functional inequalities.

• entropy – transportation inequalities: these are functional inequalities of the
type

∀ρ, W2(ρ, ρ∞) ≤ Ψ(F (ρ|ρ∞)),

where again, Ψ is a nonnegative continuous function, Ψ(0) = 0. Such an inequality
implies convergence in Wasserstein sense whenever convergence is entropy sense is
proven.

• total variation – entropy inequalities: these are functional inequalities of the
type

∀ρ, ‖ρ− ρ∞‖L1 ≤ χ(F (ρ|ρ∞)).

Again, by the use of such an inequality one can infer L1 convergence from entropy
convergence.

The best-known examples of such inequalities concern the linear Fokker-Planck equation
∂tρ = ∆ρ+∇· (ρ∇V ). In this case the general objects defined above transform into well-
known objects of information theory and mathematical physics : first,

F (ρ|ρ∞) = H(ρ|ρ∞) =

∫

ρ log
ρ

e−V
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is the Kullback relative entropy of ρ with respect to ρ∞ = e−V (we assume without loss
of generality

∫

e−V = 1). Next,

D(ρ) = I(ρ|ρ∞) =

∫

ρ
∣

∣

∣
∇ log

ρ

e−V

∣

∣

∣

2

is the relative Fisher information of ρ with respect to ρ∞. And particular cases of our
three basic functional inequalities are

• the logarithmic Sobolev inequality

(4) ∀ρ I(ρ|ρ∞) ≥ 2λH(ρ|ρ∞);

here λ is a positive real number; this inequality is sometimes true, sometimes
not, depending on the properties of ρ∞ and in particular on how fast it decays at
infinity;

• the Talagrand transportation inequality

(5) ∀ρ W (ρ, ρ∞) ≤
√

2H(ρ|ρ∞)

λ
;

again, this inequality is sometimes true and sometimes not, depending on ρ∞;

• the Csiszár-Kullback-Pinsker inequality

∀ρ ‖ρ− ρ∞‖L1 ≤
√

2H(ρ|ρ∞);

this inequality, on the other hand, is always true.

A little bit of historical background : the logarithmic Sobolev inequality was first proven
by Gross in the seventies, in the case when ρ∞ is a Gaussian : in particular, it holds true
for ρ∞(x) = exp(−|x|2/2)/(2π)n/2 and λ = 1. We note that an equivalent version had
been proven by Stam in the end of the fifties. The question of which probabilities ρ∞ do
satisfy logarithmic Sobolev inequalities has been very much studied since the middle of
the eighties, with the remarkable advance made by Bakry and Emery. These inequalities
are now very famous because of their links with optimal Sobolev inequalities, concen-
tration of measure, statistical physics, constructive quantum field theory (their original
motivation, with the works of Nelson and Gross), and hydrodynamical limits. One of their
most important feature is that they yield infinite-dimensional replacements for Sobolev
embeddings. For all these topics we refer to the important survey [1]. The only point
which we shall explain here is the denomination : what does (4) have to do with Sobolev
inequalities ? It turns out that it can be rewritten, simply by changing functions and
rescaling,

∀u
∫

u2 log u2 ρ∞ ≤ 2

λ

∫

|∇u|2 ρ∞ +

(
∫

u2ρ∞

)

log

(
∫

u2ρ∞

)

(the additional term on the right-hand side is necessary if one does not assume u2 ρ∞
to be a probability measure). In this formulation one sees that this inequality asserts
the embedding of H1(dρ∞) into the Orlicz space L2 logL(dρ∞), which means a little bit
more integrability than plain L2 – just like Sobolev embeddings. Of course, Sobolev
inequalities would assert something stronger, namely the embedding into some Lp space
for some p > 2; but the constants would be dimension-dependent, and (which would be
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the real trouble for us) these Sobolev embeddings do not naturally lead to inequalities of
a form comparable to (4), applicable to the problem of trend to equilibrium for (1).

As for inequality (5), it was first proven by Talagrand in the case when ρ∞ is a Gaussian
measure (the constant λ can again be taken equal to 1 if ρ∞ = exp(−|x|2/2)/(2π)n/2).
The motivation for this work came from the theory of concentration of measure (again,
see the references in [1], and also the important set of notes [18]).

In recent years, all these results have been extended and turned into a coherent picture.
Let us review this shortly.

◮ Generalizations:

1. Uniform log concavity implies logarithmic Sobolev. This is the celebrated
result of Bakry and Emery [2] : whenever ρ∞ = e−V with D2V ≥ λIn, λ > 0, then inequal-
ity (4) holds true (here In stands of course for the identity n × n matrix). The original
proof by Bakry and Emery looks extremely involved to nonspecialists (Γ2 calculus); in
recent years four simplified proofs, three of which are based on mass transportation even
if completely different, have been given. These are the proofs by Otto and Villani [24],
going via so-called HWI inequalities (which are sketched below), by Caffarelli [11], and by
Bobkov, Gentil and Ledoux [8]. Another argument, more geometric in nature and based
on the Brunn-Minkowski inequality, was found by Bobkov and Ledoux [9].

As an important remark, we mention the perturbation lemma by Holley and Stroock [17],
stating that whenever V is a bounded perturbation of a potential V0 such that e−V0 sat-
isfies a logarithmic Sobolev inequality, then e−V also does (with different constants). In
particular, if V = V0 + v with D2V0 ≥ λIn and v ∈ L∞, then ρ∞ = e−V satisfies a
logarithmic Sobolev inequality.

2. Uniform log concavity implies Talagrand inequality. This result was proven
by Blower [6], Otto and Villani [24], Bobkov and Ledoux [9]. The statement is simple :
whenever ρ∞ = e−V with D2V ≥ λIn, then inequality (5) holds true. If one takes into
account the Bakry-Emery theorem, then this is a particular case of the following more
general result.

3. Logarithmic Sobolev implies Talagrand inequality. This is the main result
of Otto and Villani [24]. A different proof, based on a powerful dual point of view, was
devised by Bobkov, Gentil and Ledoux [8].

4. Logarithmic Sobolev implies exponential convergence to equilibrium in
entropy sense for the Fokker-Planck equation. This is actually the motivation by
which we introduced logarithmic Sobolev inequalities. Indeed, if ρ is a solution to the
Fokker-Planck equation

∂ρ

∂t
= ∆ρ+ ∇ · (ρ∇V ),

with initial datum ρ0, then one has the immediate estimate

H(ρ(t)|ρ∞) ≤ e−2λtH(ρ0|ρ∞);

therefore convergence to equilibrium is indeed exponential provided that H(ρ0|ρ∞) be
finite (we shall see later that one can dispend with this condition).

5. Logarithmic Sobolev and Talagrand inequality together imply exponen-
tial convergence to equilibrium in Wasserstein sense for the Fokker-Planck
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equation. Indeed, by combining (4) and (5), one arrives at

W2(ρ(t), ρ∞) ≤ e−λt

√

2H(ρ0|ρ∞)

λ
.

Important remark: Why look for various proofs of results which are already known to
be true (like in the example of the Bakry-Emery theorem) ? There are several motivations
for this; on one hand, one would like to have simple arguments which can be seen as part
of a coherent theory; on the other hand one wishes to have robust proofs which can then
be adapted to different situations. Of course, the “best proof” can depend a lot on the
generalizations that one has in mind.

Let us now see some of these other generalizations.

◮ Generalizations II: nonlinear equations

In recent years it was shown that the five implications discussed above can be generalized
to many “nonlinear” situations. In particular,

- entropy-entropy dissipation estimates were proven for the functional

F (ρ) =
1

m− 1

∫

ρm +

∫

ρ
|x|2
2

by Carrillo and Toscani [13], Del Pino and Dolbeault [15], Otto [22], with applications to
the asymptotic behavior of porous medium equations;

- the analysis by Carrillo, McCann and Villani [12] showed how to incorporate into the
game an interaction energy,

1

2

∫

ρ(x)ρ(y)W (x− y) dx dy

when W is convex. Note that in this case, the minimizer ρ∞ is no longer explicit.

In fact, a set of rules similar to the above can be given. Let us assume that U satisfies
McCann’s condition (that is, U(0) = 0 and x 7→ xnU(x−n) convex nonincreasing) and that
V and W are convex; more precisely, D2V ≥ λV In and D2W ≥ λW In with λV , λW ≥ 0.
Then

1. Uniform convexity of the confinement and/or interaction potential imply
a linear entropy-entropy dissipation inequality. More precisely, assume λV +λW >
0, and let ρ be an arbitrary L1 probability measure. If λV > 0, then there is a unique
minimizer ρ∞ of F . If λV = 0 then there is a unique minimizer up to translation; without
loss of generality choose the unique minimizer ρ∞ such that

∫

xρ∞(x) dx =
∫

xρ(x) dx.
Then,

D(ρ) ≥ 2λF (ρ|ρ∞), λ = λV + λW .

2. Uniform convexity of the confinement and/or interaction potential imply
a generalized Talagrand inequality,

W (ρ, ρ∞) ≤
√

2F (ρ|ρ∞)

λ
, λ = λV + λW
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3. A linear entropy-entropy dissipation inequality implies a generalized Ta-
lagrand inequality.

4. An entropy–entropy dissipation inequality implies exponential conver-
gence to equilibrium in entropy sense for the solution of (1),

F (ρ(t)|ρ∞) ≤ e−2λtF (ρ0|ρ∞).

5. An entropy-entropy dissipation inequality, together with a generalized
Talagrand inequality, imply convergence in Wasserstein sense,

W2(ρ(t), ρ∞) ≤ e−λt

√

2F (ρ0|ρ∞)

λ
.

All these results hold under rather stringent assumptions, but they should see as basic
theorems on which one can then construct more sophisticated estimates. Let us list here
three such extensions.

• Infinite initial entropy. The results of convergence to equilibrium above make
sense only when F (ρ0) < +∞. But in fact one can extend these theorems to the
situation F (ρ0) = ∞ by making use of an estimate by Otto and the author [23],

F (ρ(t)|ρ∞) ≤ W (ρ0, ρ∞)2

4t
.

• Non-uniformly convex interaction potential, without external potential.
The following situation arises in applications : W is not uniformly convex, but
presents a degeneracy at the origin; think of the case W (z) = |z|3. If there
is no confining potential, then the above rules do not allow one to conclude to
exponential convergence. However, with a little bit of work, one can prove [12] that
if there is diffusion, then convergence is indeed exponential, with a rate depending
essentially on some integrability bound for ρ(t) (estimate on F (ρ(t)), or Lp norm
of ρ(t) for some p > 1...).

• Convergence in L1 sense. In this nonlinear situation, no generalization of the
Csiszár-Kullback-Pinsker inequality is known. However, one can prove suitable
replacements by combining the Csiszár-Kullback-Pinsker inequality (or nonlinear
generalizations with power laws [22]) with some interpolation inequalities. For
instance, if U(s) = s log s, V and W are convex with polynomial growth, one can
show inequalities of the type

‖ρ− ρ∞‖L1 ≤ C(ρ)
√

W2(ρ, ρ∞),

with a constant C(ρ) depending on an upper bound for D(ρ) and for moments of
ρ of order high enough. See section 5 of [12] for an implementation.

In the next section we give a very brief idea of the proofs of the main results.
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3. An idea of the proofs

Let us look at one of the most important examples. How does one prove an inequality
such as

∫

ρ

∣

∣

∣

∣

∇ρ
ρ

+ ∇V + ∇(ρ ∗W )

∣

∣

∣

∣

2

≥ 2λ
[

F (ρ) − inf F
]

in the case when, say, W is convex and D2V ≥ λIn ?
There are two known strategies for this. The first one is the Bakry-Emery strategy.

It looks quite strange at first sight : in order to compare the entropy with the entropy
dissipation, differentiate a second time and compare the entropy dissipation with the
dissipation of entropy dissipation ! In other words, set

d2

dt2
F (ρ(t)) = DD(ρ(t)),

and try to compare D with DD.
In our case, it turns out that

(6) DD(ρ) =

∫

ρ(Dξ) T (Dξ) +

∫

ρ
〈

D2V · ξ, ξ
〉

+
1

2

∫

ρ(x)ρ(y)
〈

D2W (x− y) · [ξ(x) − ξ(y)], [ξ(x)− ξ(y)]
〉

dx dy

where
ξ = ∇(log ρ+ V +W ∗ ρ).

Once this formula has been obtained, it is quite easy to prove that

DD(ρ) ≥ 2λD(ρ),

or in other words dφ/dt ≤ 0, where φ(t) = [D(ρ(t)) − 2λF (ρ(t)|ρ∞)]. But, presumably,
φ(t) −→ 0 as t→ ∞; if this is true (and this can usually be shown by standard techniques),
then φ is a nonnegative function, which shows the result.

Two questions naturally arise :
Question 1: Why does it work ?
Question 2: How can one make the computations ?

Indeed, if one just tries to differentiate twice the entropy functional with respect to
time, without any guidelines, then there is very, very little hope to arrive at such a nice
expression as (6).

The answers to both questions remained unclear for a very long time; in particular,
most of the contribution by Bakry and Emery was to have set up a family of formal rules
(“Γ2 calculus”) which enabled one to compute second derivatives of entropy functionals.

Very recently, an elegant explanation was given by Otto’s formalism [22], inspired from
considerations in fluid mechanics. In the view of [22], one can state that equation (1) is
the gradient flow of the functional F with respect to the following (formal) Riemannian
structure : whenever ρ is a probability density and ∂ρ/∂s a “tangent vector”, then the
square length of the latter is defined by

∥

∥

∥

∥

∂ρ

∂s

∥

∥

∥

∥

2

ρ

= inf

{
∫

ρ|v|2; ∂ρ

∂s
+ ∇ · (ρv) = 0

}

.
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This can be interpreted as follows : think of ρ as the density of a set of particles, which
are moving according to some unknown velocity field v, with some kinetic energy ρ|v|2
(up to a factor 1/2). An infinitesimal change ∂ρ/∂s of ρ being given, associate to it the
minimal kinetic energy which is compatible with this infinitesimal change.

Now, how does one compute rates of convergence for a gradient flow, say Ẋ = −gradE(X)
(in abstract formulation) ? There are many ways of doing that, but more or less all basic
criteria rely on the convexity properties of the functional E. And a natural method to
make the Hessian of the functional E appear, is to be interested in the second (in time)
derivative of E along the gradient flow. This may provide an answer to question 1 above.
As for question 2, it has been answered at the same time, because it is very easy to com-
pute the second derivative of the energy functional along the gradient flow, as soon as one
is able to compute Hessian operators. Thus Otto’s construction provides us with formal
rules of computations, which directly give the result in a form which is suitable for our
purpose. Note that these rules are formal, but once the result has been guessed by these
means, it is quite easy to prove it directly.

Let us now tell a little bit about the second strategy, which relies on the use of
interpolation-type inequalities involving the entropy functional, its dissipation, and
the Wasserstein distance. The appearance of the Wasserstein distance in our context is
not surprising, since the Benamou-Brenier theorem [3] asserts that the induced distance
on the set of probability measures coincides with the Wasserstein distance.

To best explain this method, let us introduce a key notion which unifies most of the
basic results of last section : displacement convexity, a fruitful concept introduced by
McCann [21].

Definition 1. Let ρ0 and ρ1 be two L1 probability densities. From the results of Bre-
nier [10] and McCann [20] we know that there exists a (ρ0-a.e.) unique gradient of convex
function, ∇ϕ, such that ρ1 is the image measure of ρ0 by ∇ϕ,

∇ϕ#ρ0 = ρ1

(this of course means that whenever A is Lebesgue-measurable, then ρ1[A] = ρ0[∇ϕ−1(A)]).
Moreover,

∫

ρ0(x)|x−∇ϕ(x)|2 dx = W2(ρ0, ρ1)
2.

We then define ρs = [(1− s)Id + s∇ϕ]#ρ0 for 0 ≤ s ≤ 1. By definition, a functional F is

• displacement convex if s 7→ F(ρs) is convex (for any ρ0, ρ1);

• uniformly displacement convex with constant λ > 0 if, for all s ∈ (0, 1),
(d2/ds2)F(ρs) ≥ λW2(ρ0, ρ1)

2.

The main known results about displacement convexity are the following :

(a) The functional
∫

U(ρ(x)) dx is displacement convex as soon as U(0) = 0 and U
satisfies McCann’s condition,

r 7→ rnU(r−n) is convex nonincreasing;

(b) The functional
∫

ρV is λ-uniformly displacement convex if D2V ≥ λIn;
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(c) The functional
∫

ρ(x)ρ(y)W (x − y) dx dy is λ-uniformly displacement convex if
D2W ≥ λIn.

Now we can explain the second strategy. It consists in establishing the following inter-
polation inequality for a functional F which is λ-uniformly displacement convex :

(7) ∀ρ ∀ρ̃ F (ρ) − F (ρ̃) ≤W2(ρ, ρ̃)
√

D(ρ) − λ

2
W2(ρ, ρ̃)

2.

When λ > 0, of course the right-hand side is less than D(ρ)/2λ, which implies the desired
result after setting ρ̃ = ρ∞. Among the main advantages of this method, we note that it
is simple and does not need a preliminary asymptotic study of the semigroup.

In the case of the Fokker-Planck equation, inequality (7) is called HWI because it
involves the relative entropy H , the Wasserstein distance W2 and the Fisher information
I. It can be seen as a nonlinear analogue of the classical Gagliardo-Nirenberg interpolation
inequality ‖u‖2

L2 ≤ ‖u‖H−1‖u‖H1.
Inequality (7) can be established for the Fokker-Planck equation [24], for the porous

medium equation [22], or for the more general model (1), see [12], by means of a Taylor for-
mula expressing uniform displacement convexity. Alternative arguments have been given
by Bobkov, Ledoux and Gentil [7] and by Cordero-Erausquin [14]. In the present vol-
ume, a generalization of Cordero-Erausquin’s argument to the more general case of equa-
tion (1) will be presented, together with generalizations by Cordero-Erausquin, Gangbo
and Houdré for non-quadratic cost functions.

4. An example in which physical and mathematical intuition may be

misleading

The following model equation arises in the study of granular material [5] :

(8)
∂ρ

∂t
= ∇ ·

(

ρ∇
(

ρ ∗ |x|3
3

))

−∇ · (ρx),

in dimension 1. This model is obtained as a rescaled version of

(9) ∂tf = ∇ · (f ∗ (|x|3/3)),

after logarithmic change of time, and change in the length scale (which is in fact a velocity
scale). Equation (8) admits a Lyapunov functional,

F (ρ) =
1

2

∫

ρ(x) ρ(y)
|x− y|3

3
dx dy −

∫

ρ(x)
|x|2
2
dx,

and as a consequence a distinguished steady state which is the minimizer of this functional :

ρ∞ =
1

2
[δ 1

2
+ δ

−
1
2
].

It is equivalent to study the way the solution of (8) approaches equilibrium, or to study
the way the solution of (9) gets very close to the self-similar solution St = (1/2)[δ1/(2t) +
δ−1/(2t)]. This is where the physical interest of the study lies, since many physicists in
the field of granular media believe in the existence of “homogeneous cooling states”, i.e.
self-similar solutions which would attract all the other solutions. Note that the steady
state for (9) is just a Dirac mass, say δ0, and it is easy to show convergence towards this
steady state like O(1/t). So the problem is not to show that solutions to (9) do approach
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the self-similar solution, but to show that they approach the self-similar solution much
faster than they approach the steady state.

It was proven in [5] that convergence to the steady state indeed holds for (8), if the
initial datum is L1. But what for rates of convergence ?? Otto’s construction here does
not lead to any conclusion, since the functional

−
∫

ρ(x)|x|2 dx

is uniformly displacement concave, which is terrible for the study of trend to equilibrium.
One can still look at the Hessian of the free energy, in Otto’s sense, at the equilibrium. One
can also check that it is strictly negative, which conveys the feeling that the convergence
should be exponential in a neighborhood of the steady state. But this is misleading:
in fact, the tangent space at the equilibrium is very, very degenerate (one-dimensional)
because the steady state is singular (just two Dirac masses). One can therefore not
conclude anything from this formal study.

And in fact, exponential convergence does not hold ! It was recently proven by Caglioti
and the author, using mass transportation tools and very simple estimates, that for all
solutions of (8) which are not combinations of two symmetric Dirac masses,

∫ T

1

W2(ρ(t), ρ∞) dt ≥ K log T,

for some constant K > 0 depending on the initial datum. Essentially, this means that the
convergence is slower than O(1/t). Since (8) is obtained from (9) by a logarithmic change
of time, we have to conclude that the self-similar solution St is not a good approximation
to solutions of (8) : the improvement which one obtains by changing W2(f(t), δ0) for
W2(f(t), St) is at best logarithmic in time.

5. A few open problems and promising directions of research

Let us conclude this review by mentioning a few developing trends in the subject. The
choice of topics is of course very much a question of personal taste.

5.1. Duality and Hamilton-Jacobi equations. Recent work by Ledoux and coworkers
has emphasized once again the power of the so-called Kantorovich duality, which provides
a well-known and very useful tool in the theory of optimal transportation. For instance,

W2(ρ0, ρ1) = sup
(ϕ0,ϕ1)∈C2

{
∫

ρ0(x)ϕ0(x) dx+

∫

ρ1(x)ϕ1(x) dx

}

,

where C2 is the set of all pairs of measurable functions satisfying a.e. ϕ0(x) + ϕ1(y) ≤
|x− y|2.

The entropy also has a natural dual formulation from Legendre duality,
∫

f log f dµ = sup
ϕ

{
∫

fϕ dµ− log

(
∫

eϕ dµ

)}

.

Combining both representations transforms many of the functional inequalities presented
in the present text, into another set of appealing functional inequalities. By exploring
this way, Bobkov, Gentil and Ledoux [8] were able to recover most of the inequalities
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in [24], together with additional ones, in a very elegant way. They also discovered some
unexpected features about the Hamilton-Jacobi equations, which appear naturally in this
study via the Hopf-Lax formula. For instance, the fact that ρ∞ satisfies a logarithmic
Sobolev inequality with constant λ > 0 amounts to the following functional inequality,
which is called “hypercontractivity of Hamilton-Jacobi semigroup”:

∀f, ∀t > 0, ‖eStf‖Lp(t)(dρ∞) ≤ ‖ef‖Lp0 (dρ∞),

where St stands for the simplest Hopf-Lax semigroup,

Stf(x) = inf
y∈Rn

(

f(y) +
|x− y|2

2

)

and p(t) = p0 + λt, where p0 is arbitrary, p0 > 0.
Making this approach systematic, these authors were also able to recover and explain

many inequalities that looked isolated, for instance concentration inequalities by Tala-
grand involving mass transportation with a non-quadratic cost, were found to be related
to the Hamilton-Jacobi equation with non-quadratic Hamiltonian.

In addition to this, one could expect new insights on the study of Hamilton-Jacobi
equations, and a better knowledge of their integrability/regularity properties.

5.2. Statistical physics and propagation of chaos. Logarithmic Sobolev inequalities
were first devised for use in infinite-dimensional problems (quantum field theory, in which
one wants to take functional spaces as phase space). It naturally became a powerful tool
in statistical physics, since many-particle problems lead to very large dimensional phase
spaces. In particular, the community of hydrodynamical limits for particle systems use
them a lot (see the review in Yau [27]). Recently, they have been used in the problem of the
mean-field limit and propagation of chaos by several authors, in particular Malrieu [19].
Of particular elegance in the work of Malrieu is the possibility to recover some exact
“intervals of confidence” for the mean-field limit, in the sense which is shown below.

Consider a large system of N particules, with X i
t denoting the position at time t of

particle numbered i. Assume that they evolve according to some huge system of coupled
stochastic differential equations,

dX i
t = dBi

t −∇V (X i
t) −

1

N

N
∑

j=1

∇W (X i
t −Xj

t ),

with Bi
t being a family of independent Brownian motions, V an external potential and

W an interaction potential. Assume that the law at time 0 is chaotic, say it looks like
a tensor product f⊗N

0 for some given, nice probability density f0. Let ϕ be a smooth
function, one can consider the observable associated with the particle system at time t :

Φ(t) =
1

N

N
∑

i=1

ϕ(X i
t).

The problem is to show that, as N → ∞, this quantity becomes very close to the macro-
scopic average

∫

ϕft,
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where ft is the solution at time t of the Vlasov-McKean equation

∂f

∂t
=

1

2
∆f + ∇ · (f∇V ) + ∇ · (f∇(f ∗W )).

By using logarithmic Sobolev inequalities and the principle of concentration of measure
(via Talagrand inequalities, for instance), applied to the joint law of the X i

t ’s, Malrieu
proves that if W is convex and V uniformly convex, then one has an explicit, exponentially
decaying bound on the probability of deviation

P

(

∣

∣

∣

∣

1

N

∑

ϕ(X i
t) −

∫

ϕft

∣

∣

∣

∣

≥
√

K

N
+ r

)

≤ 2 exp

(

−Nr
2

Ct

)

for some constants K and Ct which depend on some estimates on V and W (Ct improves
in time).

The problems which are treated in this way are, at the moment, rather academic since
a lot of convexity is needed here and there. But we are convinced that this field will
undergo a rapid evolution.

By the way, an important remark should be made about the use of the Wasserstein
distance in infinite-dimensional problems: it is a priori quite plausible that this tool be
very useful in this context, because the Wasserstein distance has the right dimensional
scaling. A typical Wasserstein distance between two probability measures in dimension N
should be of the order O(

√
N), which is consistent with the O(N) typical scalings for the

entropy functional in large dimension (crucial property for people doing hydrodynamic or
mean-field limits !). On the other hand, total variation does not scale properly with the
dimension: whatever N , it is always of order O(1).

5.3. A good perturbation theory in infinite dimension ? A first step in extending
the above considerations to more interesting systems should be to build a good pertur-
bation theory for logarithmic Sobolev inequalities and so on in infinite dimension. We
mentioned above the Holley-Stroock perturbation criterion, which provides estimates de-
pending on the L∞ norm of the perturbation of the potential V . However, this criterion
behaves very, very badly in large dimension. It would be much better to have condi-
tions involving the Hessian operator... To illustrate these problems, let me present two
problems which are very natural in this context, but still open.

Problem # 1: Let ϕ be a bounded perturbation of a uniformly convex potential, say a
double-well potential. If this helps, assume that the L∞ norm of the perturbation is small,
to begin. Then the probability measure e−ϕ(x) dx (assume that it is normalized to have
unit mass) satisfies a logarithmic Sobolev inequality. By classical tensorization criteria,
so does the tensor product dµN = e−

P

ϕ(xi) dx1 . . . dxN . But what for the restriction of
dµN to a hyperplane (

∑

xi = 0) ? Such problems appear very naturally in the study of
particle systems with a conservation law, like the Ginzburg-Landau model [16].

Problem # 2: Let ρ∞ = e−V be a probability density on R
N . Assume that V satisfies

bounds like D2V ≥ −AIN (A > 0) on (|x|2 ≤ N), andD2V ≥ BIN (B > 0) on (|x|2 ≥ N).
Is there a logarithmic Sobolev inequality for ρ∞, holding with a constant which would not
depend on N ?
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