
ON THE TREND TO EQUILIBRIUM FOR KINETIC
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We report here on a recent trend about the mathematical study of
convergence to equilibrium for kinetic equations involving collisions,
the archetype of which is the Boltzmann equation

(1)
∂f

∂t
+ v · ∇xf = Q(f, f)

(2) Q(f, f) =

∫

RN

dv∗

∫

SN−1

dσ B(v − v∗, σ)(f ′f ′∗ − ff∗).

Along with explaining the notations in (1)–(2), we shall point out the
important features of this equation for our analysis.

The unknown in (1) is the density function of the gas, f(t, x, v) ≥ 0.
Here t stands for the time variable, x for the position variable and v
for the velocity variable. We shall assume that x varies in a smooth,
connected, bounded domain Ω of RN , then v varies in the tangent
space to Ω at x, which can be identified to RN . At each time t, one
can think of f(t, ·, ·) as the probability distribution of the particles in
phase space Ω×RN . The main distinctive feature of kinetic theory lies
in the keeping track of the dependence of the density upon the velocity
variable.

There are two integro-differential operators appearing in (1). One
is the transport operator, v · ∇x. Its presence reflects the fact that
particles would travel along straight lines if they did not interact (New-
ton’s law), or, to be more precise, broken lines which end at, and start
from the boundary of Ω. The second one is the Boltzmann opera-
tor, Q, which models the effect of interactions among particles. This
operator is quadratic, as a consequence of the modelling assumption
that the gas is dilute enough that only binary collisions count. It is
non-local with respect to the velocity variable, but local with respect
to the position variable, which reflects the modelling assumptions that
interactions between particles are localized in space (occur only if the
particles are very close to each other), but may involve particles with
very different velocities.
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To (1) must be added some boundary conditions which take into
account some model for the interaction between the boundary and the
particles. This interaction is often very complex and poorly under-
stood; however, here we shall just consider the simplest case of specu-
lar reflection, i.e. particles bounce on the boundary according to the
Snell-Descartes laws. This can be translated as

(3) f(x,Rxv) = f(x, v) (x ∈ ∂Ω)

where Rxv = v − 2〈v, n(x)〉n(x), n(x) standing for the normal unit
vector to ∂Ω at point x.

The position variable x appears only as a parameter in (2), so that Q
is actually an operator which to any function f(v) associates a function
Q(f, f)(v).

It is only in (2) that the details of the collisions are taken into ac-
count. Here we have used the following standard notations : v′, v′∗
are the pre-collisional velocities, v, v∗ are the post-collisional veloci-
ties, and f , f∗, f ′, f ′∗ respectively stand for f(v), f(v∗), f(v′), f(v′∗).
Since collisions are assumed to be elastic, one imposes v′+v′∗ = v+v∗,
|v′|2 + |v′∗|2 = |v|2 + |v∗|2. This leaves room for N−1 parameters, which
are taken into account by the variable σ ∈ SN−1. Our parameterization
will be

(4)





v′ =
v + v∗

2
+
|v − v∗|

2
σ

v′∗ =
v + v∗

2
− |v − v∗|

2
σ.

Underlying the derivation of (2) is the important chaos assumption
which states, roughly speaking, that the velocities of particles which
are about to collide are not correlated; and the microreversibility
assumption, a version of which states that the microscopic laws of
collision are unchanged under time reversal.

Finally, the cross-section B(v − v∗, σ) depends on the details of
the interaction between particles, and recipes for its computation have
been given by Maxwell at the very beginning of kinetic theory.

Among the main features of the Boltzmann equation, we insist on
the geometric input at the level of (4), the monotonicity feature which
will be induced by the nonnegativity of the cross-section, and the fact
that the collision operator only act on the velocity dependence, not on
the position dependence.

We stop here for this short presentation of the Boltzmann equation
and refer to [22] and the references therein for much more.



ON THE TREND TO EQUILIBRIUM FOR KINETIC EQUATIONS 3

1. The H theorem and its implications

The most famous discovery of Boltzmann is certainly the H theorem.
Let

(5) H(f) =

∫
f log f dx dv,

and let us investigate the behavior of H under evolution by the Boltz-
mann equation (we only consider classical solutions, possessing all the
integrability one can wish for). Since the transport operator is a first-
order differential operator, one has

(6)
d

dt

∣∣∣∣
transport

H(f) = −
∫

v · ∇xf(log f + 1) = 0.

On the other hand, from basic symmetry considerations one can prove
that

(7)
d

dt

∣∣∣∣
collisions

H(f) =

∫
Q(f, f)(log f + 1) = −

∫

Ω

D(f(t, x, ·)) dx,

where the entropy dissipation functional D(f) is nonnegative and
defined by

(8) D(f) =

∫

RN×RN×SN−1

B(v − v∗, σ)(f ′f ′∗ − ff∗) log
f ′f ′∗
ff∗

dv dv∗ dσ.

Therefore, the H functional acts as a Lyapunov functional for the
Boltzmann equation, and this may suggest a universal behavior for its
solutions. With the help of the H theorem, let us look for the stationary
states of (1). Of course, for f = f(x, v) to be a stationary state, it is
necessary that D(f) = 0 for all x. Looking back to (8), this implies, if
B > 0 a.e. (which is always the case), that

(9) f(v′)f(v′∗) = f(v)f(v∗)

for (almost) all v, v∗, σ (the x variable is implicit). As was proven by
Boltzmann in the case when f is smooth, equation (9) implies that f
must be a local Maxwellian, i.e. a function of the form

(10) f(x, v) = ρ(x)
e−

|v−u(x)|2
2T (x)

(2πT (x))N/2
.

The basic idea which underlies Boltzmann’s argument is a conflict of
symmetries : by averaging (9) over σ, one finds that f(v)f(v∗) is a
function of v + v∗ and |v|2 + |v∗|2. This implies that f is a local
Maxwellian, because then ∇ log f(v)−∇ log f(v∗) is always colinear to
v − v∗, whence ∇ log f is an affine function. This kind of geometric
characterization is reminiscent of the well-known characterization of
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Gaussian distributions as the only functions g(x) (x ∈ R) such that
g(x)g(y) is a function of x2 + y2, and can also be linked to the “com-
peting symmetries” studied by Carlen and Loss [6].

Of course, not all local Maxwellian distributions are stationary states.
If f(x, v) is a local Maxwellian state, then of course Q(f, f) = 0; there-
fore it is a stationary state if and only if

(11) v · ∇xf = 0.

Plugging (10) into (11), then identifying the powers of v, one arrives
at the system of equations

(12)





∇T = 0

∇u + T∇u = −2

(
u · ∇T

T

)
Id

∇ρ

ρ
− N

2

∇T

T
+

u · ∇u

T
= 0.

The first of these equations implies that T is a constant. The sec-
ond, together with the boundary condition u · n = 0 (n stands for the
normal on the boundary) implies, if the domain Ω has no axis of
symmetry, that u ≡ 0 (see for instance Grad [16]). Taking this into
account, the last equation implies that ρ is also a constant. Finally, if ρ
and T are constants, and if u = 0, then one can identify ρ|Ω| with the
total mass of the gas, and (N/2)ρT |Ω| with the total kinetic energy of
the gas, and since those are conserved quantities, this shows that there
is only one possible stationary state, and it can be written as

f∞(x, v) = ρ
e−

|v|2
2T

(2πT )N/2

for some constants ρ, T > 0 which are uniquely determined by the total
mass and total kinetic energy of the solution.

With the help of Boltzmann’s H theorem and the discussion above,
several theorems related to the trend of equilibrium have been proven.
Essentially, as soon as one is able to build well-behaved solutions, then
one can prove by standard tools the convergence to the unique
stationary state in large time : see in particular Desvillettes [11, 12],
Lions [17], and the references therein. Important variants consider the



ON THE TREND TO EQUILIBRIUM FOR KINETIC EQUATIONS 5

case where instead of specular reflection, one imposes bounce-back re-
flection, or fixed temperature on the walls (in which case the tempera-
ture of the Maxwellian is solely determined by the boundary condition),
see Cercignani [7, 8].

By the way, we should mention that at the time of writing, no one
knows how to construct well-behaved solutions in satisfactory general-
ity, and rigorous proofs of trend to equilibrium essentially concern only
the situation in which the gas is spatially homogeneous (no x depen-
dence), or the situation in which it is already very close to equilibrium
at initial time (see for instance [9, paragraph 9.8] or [18]). Of course
this is not a very satisfactory situation...

2. The entropy dissipation program

At the beginning of the nineties, a new direction of research was in-
troduced by Carlen and Carvalho [5], meeting preoccupations of Desvil-
lettes [10] : Is it possible to quantify Boltzmann’s H theorem in
such a way as to obtain effective bounds on the convergence
to equilibrium ? The main motivation of this study was to refine the
nonexplicit results of convergence to equilibrium into quantitative esti-
mates, and hopefully show that trend to equilibrium holds on realistic
scales of time. Another motivation was to keep as close as possible to
physics. It also turned out that this strategy would allow to cover some
situations in which existing non-constructive arguments fail.

To fulfill this program in a meaningful way, one should only look for
completely quantitative estimates. In particular, in order to allow for
initial data which are not necessarily very close to equilibrium, one
cannot rest solely on linearization to predict a rate of con-
vergence. Indeed, the principle of linearization allows quantitative
estimates of convergence when the initial datum lies in a close neigh-
borhood of equilibrium, but cannot predict the time which is necessary
for the solution to enter such a neighborhood.

While really a lot remains to be done on the subject, we now have
a rather complete picture of how to fulfill this program, after several
contributions by Desvillettes, Toscani and the author [13, 20, 21, 14,
15]. We may add that this is part of a more general trend in PDE’s,
namely the study of convergence to equilibrium by means of functional
inequalities. We refer to [22, chapter 3] for some references about
related problems.
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3. Quantifying the effect of collisions

The first step in the study is to establish a quantitative version of
Boltzmann’s theorem about the cases of equality for D(f) = 0. In other
words, if f is a nonnegative function of v ∈ RN , we wish to estimate
from below the distance of f to the associated Maxwellian
distribution in terms of D(f). The best that one can hope for in
this business is an entropy-entropy dissipation inequality, i.e. a
functional inequality of the form

(13) D(f) ≥ Φ(H(f)−H(M f )),

where M f stands for the Maxwellian distribution with the same first
moments as f ,

M f = ρ
e−

|v−u|2
2T

(2πT )N/2
,

ρ =

∫
f dv, ρu =

∫
fv dv, NρT =

∫
f |v − u|2 dv.

In the sequel, we write H(f |M f ) = H(f) − H(M f ) and call it the
relative entropy.

Of course, the possible validity of an inequality such as (13) crucially
depends on the cross-section B. By monotonicity, it suffices to treat
the case in which B is “small”... For the moment, let us assume that
it is constant, say normalized to 1.

In (13) the function Φ should be explicit with Φ(d) > 0 for d > 0.
Ideally, it would be a linear function : D(f) ≥ λH(f |M f ). It could de-
pend on f via some a priori estimates (moments, smoothness...) which
would in principle be established separately.

In the case of diffusive equations, inequalities of the form (entropy
dissipation)≥ const. (relative entropy) are called logarithmic Sobolev
inequalities, and have been the object of a lot of studies (see in partic-
ular [1]). In the context of the Boltzmann equation, such an inequality
was conjectured by Cercignani at the beginning of the eighties. But
counterexamples by Bobylev [3], Wennberg [23], Bobylev and Cercig-
nani [4] have shown that such an inequality is false, even if one re-
stricts them to classes of functions with a lot of finite moments, a lot of
smoothness, bounded from below by a small Maxwellian distribution...

This problematic is tightly linked to an important variant of Kac’s
problem, which is get uniform estimates on the speed of approach to
equilibrium for some large particle systems. This is explained in the
contribution by E. Janvresse in this issue.

Carlen and Carvalho were the first ones to establish an inequality
such as (13). In their result the function Φ only depended upon (weak)
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smoothness estimates and some moments of order s > 2. They used
this result to obtain the very first result of convergence to equilibrium
for the spatially homogeneous Boltzmann equation with explicit rate.
On this occasion, they introduced new tools in the field : the apparatus
of logarithmic Sobolev inequalities and that of information theory.

Several years later, the Carlen-Carvalho result was notably improved
by Toscani and the author. The improvement concerned both the con-
stants and the shape of the function Φ, which was increasing very
slowly from 0 in the Carlen-Carvalho result. In [20] we have shown the
following estimate. We use the classical notation

‖f‖L1
s

=

∫

RN

f(v)(1 + |v|2)s/2 dv

and its natural extension

‖f‖L1
s log L =

∫

RN

f(v) log(1 + f(v))(1 + |v|2)s/2 dv.

Theorem. Let B ≥ 1 be a cross-section, and D be the associated
entropy dissipation functional, eq. (8). Let f be a probability density
on RN with unit temperature, and let M be the associated Maxwellian
equilibrium. Let ε > 0 be arbitrary, and assume that for some δ > 0,
A,K > 0,

‖f‖L1
4+2/ε+δ

, ‖f‖L1
2+2/ε+δ

log L < +∞,

(14) f(v) ≥ Ke−A|v|2 .

Then, there exists a positive constant Cε(f), depending only on N , ε,
δ, ‖f‖L1

4+2/ε+δ
, ‖f‖L1

2+2/ε+δ
log L, A and K, such that

(15) D(f) ≥ Cε(f)H(f |M)1+ε.

As an example (choosing δ = 1), the following more explicit constant
works :

(16) D(f) ≥ KTfF
−ε
ε H(f |M)1+ε,

where K is an absolute constant (not depending on f), Tf is the “min-
imal directional temperature” given by

Tf = (N − 1) inf
e∈SN−1

∫

RN

f(v)(v · e)2 dv,

and

Fε =

(
log

1

K
+ A

)
‖f‖2

L1
5+2/ε

‖f‖L1
3+2/ε

log L.
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In short : even if Cercignani’s conjecture is false, and the inequality
D(f) ≥ const.H(f |M) does not holds, one has the slightly weaker
replacement D(f) ≥ const.H(f |M)1+ε for arbitrarily small ε > 0.

Let us say just a few words about the proof. The argument is some-
what complicated, but it is the only one available at the moment...
It essentially consists in a quantitative version of Boltzmann’s origi-
nal argument, and at the same time rests on the semigroup ideas by
Stam [19], re-introduced in the theory of Logarithmic Sobolev Inequal-
ities by Bakry and Emery [2]. After normalization to reduce to the
case ρ = 1, u = 0, T = 1, use Jensen’s inequality and the convexity of
(x, y) 7→ (x− y)(log x− log y) to write

D(f) ≥ D(f) ≡ 1

4

∫

R2N

dv dv∗

(
ff∗ −−

∫
dσ f ′f ′∗

)
log

ff∗
−∫ dσ f ′f ′∗

.

Then introduce the Fokker-Planck semigroup (adjoint Ornstein-Uhlenbeck)
(Ssf)s≥0 defined by the PDE

∂f

∂s
= ∆f +∇ · (fv).

After a study of the behavior of symmetries under this semigroup, one
proves that

− d

ds
D(Ssf) =

1

4

∫

R2N

(SsF + Ss)G

∣∣∣∣
∇v,v∗(SsF )

SsF
− ∇v,v∗(SsG)

SsG

∣∣∣∣
2

dv dv∗,

with the notations F = ff∗, G = −∫ f ′f ′∗, and ∇v,v∗ standing for the
gradient operator in RN × RN . Here comes the key point : Since G
only depends on v + v∗ and |v|2 + |v∗|2, one easily checks that the same
is true for SsG, and that as a consequence, ∇(SsG) lies (pointwise)
in the kernel of the linear operator

P : [A,B] ∈ R2N 7−→ Π(v − v∗)[A−B] ∈ RN ,

where Π(z) is the orthogonal projection upon z⊥. Since ‖P‖ =
√

2 as
a linear operator, it follows that

− d

ds
D(Ssf) ≥ 1

8

∫

R2N

(Ssf)(Ssf)∗

∣∣∣∣Π(v − v∗)
[∇Ssf

Ssf
− (∇Ssf)∗

(Ssf)∗

]∣∣∣∣
2

dv dv∗.

Up to a factor |v − v∗|2 in the integrand, which only matters at large
velocities, the right-hand side coincides with the Landau entropy
dissipation functional for Maxwellian molecules (the Landau
equation is the usual replacement of the Boltzmann equation in plasma
physics). It was shown in [13] that the Landau entropy dissipation
functional is bounded below by a constant times −(d/ds)H(Ssf |M).
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This shows that, up to error terms which are important only at large
velocities,

(17) − d

ds
D(Ssf) ≥ const.

(
− d

ds
H(Ssf |M)

)
.

After integrating this with respect to s from 0 to +∞, one recovers
the desired inequality. It is in the treatment of the error terms that
the exponent 1 is changed into an exponent 1 + ε. See [20] for details,
or [22] for a more complete review.

Once this theorem is established for the constant cross-section, vari-
ants can be established to cover more general situations.

• “Soft potentials” : Assume now that

B(v − v∗, σ) ≥ (1 + |v − v∗|)−β, β > 0.

Then, for all ε > 0, eq. (16) still holds with

Fε =

(
log

1

K
+ A

)
‖f‖2

L1
5+(2+β)/ε

‖f‖L1
3+(2+β)/ε

log L.

• “Hard potentials” : Assume now that

B(v − v∗, σ) ≥ |v − v∗|γ, γ > 0.

Assume moreover that f ∈ Lp
κ, for some p > 1, and κ large

enough. Then, there exists α > 1, C > 0, depending on N , γ,
p, κ, ‖f‖Lp

κ
, and on A, K in (14), such that

D(f) ≥ CH(f |M)α.

Such inequalities allow one to elegantly solve the problem of trend to
equilibrium for the spatially homogeneous Boltzmann equation, under
various assumptions on the cross-section. In particular, in the case
where the cross-section decays at infinity, say B = (1 + |v|)γ for 0 >
γ > −2, this method can be applied to prove convergence like O(t−κ)
for any κ > 0, while standard compactness arguments fail to deal with
this situation.

But the main interest of these inequalities is that they can be ap-
plied to the much more interesting study of the spatially inhomoge-
neous Boltzmann equation. We shall explain this in the next section.
To conclude the present paragraph, we should mention (i) that these
problems of lower bounds are quite delicate because very, very few gen-
eral methods have been identified for their study; (ii) that the problem
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addressed above is related to the Kac spectral gap problem and its
variants, as described by E. Janvresse in the present volume.

4. When fluid dynamics comes into play, or : the role of
the x variable

The role of the position variable in the trend to equilibrium for the
Boltzmann equation is subtle. On one hand, the collision mechanism
which is at the basis of the decrease of the H functional does not act on
the x variable. On the other hand, the transport operator plays a key
role in preventing the system from falling into a local equilibrium,
i.e. a local Maxwellian which would not necessarily be the unique
stationary state. It is the combined effect of transport and collisions
which makes the system converge to the stationary state.

To quantify this, the author, together with L. Desvillettes, has sug-
gested the following approach. One should try to establish a system of
differential inequalities involving the relative entropy with respect
to the stationary state,

H(f |f∞) =

∫
f log

f

f∞
,

and at the same time the relative entropy with respect to the local
equilibrium state,

H(f |M f ) =

∫
f log

f

M f
.

In general, one can expect this system to be of second-order. Entropy-
entropy dissipation inequalities will typically result in an inequality
like

(18) − d

dt
H(f |f∞) ≥ K1H(f |M f )α,

with some exponent α ≥ 1. Then one has to fight to prove an inequality
like

(19)
d2

dt2
H(f |M f ) ≥ K2H(f |f∞)− CH(f |M f )β,

with some exponent β ≤ 1, and the constants K1, K2, C may depend
on estimates about f .

The conjunction of (18) and (19), together with the nonnegativity of
H(f |M f ), H(f |f∞) implies, by a hand-made theorem, that H(f |f∞)
converges to 0 with an explicit rate. If α and β are very close to 1,
then the rate is O(t−κ) for some very large exponent κ.

This strategy was implemented in [14] for a simpler model, the spa-
tially inhomogeneous Fokker-Planck equation with confining potential.
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In this paper, we were able to prove convergence to equilibrium like
O(t−κ) for any κ > 0. Actually, since this is a linear equation, one cer-
tainly can prove exponential convergence by using the tools of linear
analysis, but our method is much more general.

The adaptation to the Boltzmann equation is performed in [15]. It
turned out that the Boltzmann equation has several particular features
which make the study more difficult, even though the same strategy ap-
plies. To present the results, let us consider very smooth solutions,
with Maxwellian lower and upper bounds, uniformly in time
(in fact, f/f∞ bounded from above and below). While these assump-
tions are extremely stringent, and not compatible with our present
knowledge of the Cauchy problem for the Boltzmann equation, we
chose to do so just because (i) we think that the study of trend to
equilibrium should be performed only after a complete resolution of
the Cauchy problem, (ii) in any case, we are very, very far from being
able to construct smooth solutions in the general case, (iii) even un-
der these drastic assumptions, the problem of trend to equilibrium still
remains very delicate and interesting (see also the remark at the very
end of this review).

To be able to perform computations, the following lemma is particu-
larly useful : let f(t,X) and g(t,X) be smooth, integrable, nonnegative
functions, with

∫
f dX =

∫
g dX. Then

d2

dt2

∫
f log

f

g
dX =

∫
∂2f

∂t2

(
log

f

g
− f

g
+ 1

)
dX

+

∫
f − g

g

(
∂2f

∂t2
− ∂2g

∂t2

)
dX

+

∫
f

(
∂f/∂t

f
− ∂g/∂t

g

)2

dX.

It turns out that there are two kinds of local equilibria for the
Boltzmann equation. The “standard” ones are just the M f ’s. The
“worse” ones are the ones for which the temperature is a constant
and the velocity is identically 0. Assuming that

∫
f dx dv = 1,∫

f |v|2 dv dx = N , this can happen only if f = ρM , where ρ =

ρ(x)
∫

f(x, v) dv, and M(v) = e−
|v|2
2 /(2π)N/2. These states ρM not

only make the entropy dissipation vanish, and the first derivative of
H(f |M f ) as well, but they also make the second derivative of H(f |M f )
vanish. From the physical point of view, this may be an indication that
the relaxation of the density ρ towards equilibrium is a somewhat slower
process than the relaxation of u and T .
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Accordingly, the system of differential inequalities is now more com-
plicated. Assuming for instance B ≥ 1, it reads

(20)



− d

dt
H(f |f∞) ≥ K1H(f |M f )1+ε

d2

dt2
H(f |M f ) ≥ K2

[∫
ρ
u2

2
+

∫
ρ(T − log T − 1)

]
− CδH(f |M f )1−ε − δH(f |f∞)

d2

dt2
H(f |ρM) ≥ K3

∫
ρ log ρ− CδH(f |ρM)1−ε − δH(f |f∞)

H(f |f∞) = H(f |M f ) +

∫
ρ log ρ +

[∫
ρ
u2

2
+

∫
ρ(T − log T − 1)

]

H(f |ρM) = H(f |M f ) +

[∫
ρ
u2

2
+

∫
ρ(T − log T − 1)

]
.

Here δ ∈ (0, 1), the constant K1 depends on uniform (in x and t)
bounds on the integrability and decay (in v) of f , while K2 and K3

depend only on the geometry of Ω (in particular, they are positive
only if Ω has no axis of symmetry). Finally, the constants Cδ depend on
the smoothness of f as well. Note the important formulas relating the
macroscopic relative entropy H(f |f∞), the microscopic relative entropy
H(f |M f ) and the “intermediate” relative entropy H(f |ρM).

Once again, on the basis of this system, and using the fact that
all these relative entropies are nonnegative, one can provide a very
tedious, hand-made proof that H(f |f∞) converges to 0 at an explicit
rate... Details are provided in [15].

To conclude this short review, we mention that it is possible to re-
lax the assumption of upper and lower Gaussian bounds into a more
standard assumption of lower bound Ke−A|v|p , plus boundedness of all
Sobolev norms, the price to pay being that one no longer has a nice
system of differential inequalities involving only relative entropies as
above. Instead, there are just differential inequalities relating H(f |f∞),
H(f |M f ) and the L2 norms ‖f −M f‖L2 , ‖f − ρM |L2 , plus the macro-
scopic quantities

∫
ρ log ρ,

∫
ρ|u|2, ∫

ρ(T − log T − 1).
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