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ABSTRACT

We show how the use of the concepts of entropy and entropy dissipation
help to find estimates of return to the equilibrium in the context of kinetic
equations with a collision kernel. This approach enables to give explicit
constants in those estimates.

1. INTRODUCTION

We wish to present in this work the entropy dissipation method for the
study of the long time behavior of kinetic equations with a collision kernel.

Let us first consider the Cauchy problem for a spatially homogeneous
equation with a collision kernel Q acting only on the velocity variable v.
Such an equation writes

∂tf(t, v) = Q(f(t, ·))(v), (t, v) ∈ IR+ × IRN (1)

f(0, ·) = fin.

We suppose that the kernel Q preserves some subset UQ of the set

U =
{
v 7→ 1, v 7→ v1, ..v 7→ vN , v 7→ |v|2

}
.

In other words,

∀Ψ ∈ UQ,
∫

v∈IRN
Q(f)(v) Ψ(v) dv = 0. (2)

We moreover assume that the two parts of Boltzmann’s H–theorem hold:



1. First, the entropy dissipation DQ(f) is nonnegative for all f ≥ 0,

DQ(f) = −
∫

v∈IRN
Q(f)(v) log f(v) dv

≥ 0.

2. Secondly, it is equal to 0 if and only if f belongs to the subset of
Maxwellians related to Q:

DQ(f) = 0 ⇐⇒ log f ∈ V ect UQ.

From now on, we denote by MQ
f the only Maxwellian function of v having

the same moments as f . In other words, MQ
f is defined by the two relations

log MQ
f ∈ V ect UQ

and
∀Ψ ∈ UQ,

∫

v∈IRN
MQ

f (v) Ψ(v) dv =
∫

v∈IRN
f(v) Ψ(v) dv.

We also denote by

H(f |MQ
f ) =

∫

v∈IRN
f(v) log

f(v)

MQ
f (v)

dv,

the (Kullback) relative entropy of a given nonnegative function f . It is
a nonnegative quantity for all f ≥ 0, and it is equal to 0 if and only if
f = MQ

f , that is f is a Maxwellian function of v. In fact, the classical Cziszár–
Kullback–Pinsker inequality (Cf. [9], [18], [21]) writes (for any f ≥ 0),

H(f |MQ
f ) ≥ ||f −MQ

f ||2L1(IRN )

2 ||f ||L1(IRN )

. (3)

It is clear that any (smooth enough) solution of eq. (1) satisfies

d

dt
H(f(t, ·)|MQ

f(t,·)) = −DQ(f(t, ·)). (4)

Then, the natural conjecture (which in fact can be proven in many situa-
tions), is that

lim
t→∞ f(t, ·) = MQ

fin
. (5)



We are concerned here with an estimate for the speed of convergence in (5).

Note that such estimates were first given by the use of spectral theory.
The idea is basically the following

1. First study the linearized operator L of Q around MQ
fin

and try to prove
the existence of a spectral gap for L (that is, the existence of K > 0
such that the spectrum of L is included in the set ]−∞,−K]∪{0}, and
0 is an eigenvalue of finite multiplicity of L, with eigenvectors related
to the conserved quantities).

2. Then show (independently) that (5) indeed holds.

If the spectral gap and the convergence in (5) happen to hold in the same
norm || ||, it is usually possible to prove that for some C < +∞,

||f(t, ·)−MQ
fin
|| ≤ C e−K t. (6)

One of the most difficult results in this direction can be found in [1] (Cf. also
[29]). Using some recent improvements in the theory of Boltzmann’s kernel
(Cf. [27], [28]), it can be set in the following form:

Theorem 1: Let Q be Boltzmann’s kernel with a hard potential cross sec-
tion under Grad’s angular cutoff assumption (Cf. [1] for a precise definition
of these concepts). Then, for any initial datum fin ∈ L1

2 ∩ L log L(IR3), the
unique solution of eq. (1) satisfies

||f(t, ·)−MQ
fin
||L1

s(IR3) ≤ Cs e−λs t, (7)

for any s ≥ 0 and some Cs < +∞, λs > 0.

Unfortunately, the constants Cs, λs in (7) are not explicitly known or
controlled. This is due to at least two reasons:

1. First, the spectral gap is explicitly controlled in L2-type spaces with
a Maxwellian weight. To get a control in a polynomially weighted
L1 space, one needs a compactness argument, and λs cannot remain
explicit.



2. Secondly, estimate (5) also makes use of a compactness argument.
Therefore, one has to wait for some unknown time before the linear
regime takes over and the spectral gap can be used. Therefore, Cs is
also not explicit.

Because of that, many authors have looked for other approaches, more
succeptible to give excplicit results of convergence toward the equilibrium.

The most promising is maybe the so-called entropy dissipation method.
The basic idea is the following :

Suppose that for some function Φ on IR+ (such that Φ(0) = 0, but Φ(x) >
0 if x > 0), one can prove a functional inequality (that is, valid for any
function f ≥ 0) of the form

DQ(f) ≥ Φ(H(f |MQ
f )), (8)

or more generally of the form

DQ(f) ≥ C(f) Φ(H(f |MQ
f )), (9)

where C(f) depends only on size estimates for f (that is, bounds in various
spaces for f and its derivatives, lower bounds, etc..) which are known to hold
(uniformly when t → +∞) for the solution of eq. (1). Then, estimates (8)
(or (9)) and (4) will ensure that for a solution of eq. (1),

H(f(t, ·)|MQ
f(t,·)) ≤ L(t),

where L is essentially the reciprocal of a primitive of Φ−1, which tends to 0
when t → +∞.

Using then the conservations (2) and the Czizsár–Kullback–Pinsker in-
equality, we get

||f(t, ·)−MQ
f(t,·)||L1(IRN ) ≤

√
2 ||fin||L1(IRN ) L(t).

We see in this way that to obtain an estimate for the speed of convergence
toward the equilibrium in L1(IRN), it is enough to get functional inequalities
of the form (8) or (9) – and, if necessary, a priori estimates in the right
functional space. It turns out that functional inequalities like (8) or (9)



can often be proven as generalizations of the famous logarithmic Sobolev
inequality of Gross (Cf. [15],[16]).

In the following, we give various examples of inequalities like (8) or (9).
Section 2 is devoted to the linear Fokker–Planck equation, section 3 to the
porous media equation, section 4 to the Fokker–Planck–Landau equation,
and section 5 to the Boltzmann equation.

Finally, in section 6, we briefly sketch how to deal with inhomogeneous
equations.

2. THE LINEAR FOKKER–PLANCK EQUATION

The first example of entropy dissipation estimate seems to be found in
the work by Bakry and Emery (Cf. [3]). It has been put in the framework
of kinetic theory by Toscani (Cf. [22]), and Arnold, Markowich, Toscani,
Unterreiter [2].

In this example, Q1 is the linear Fokker–Planck kernel,

Q(f) = div(∇f + v f), (10)

associated, in the framework of Bakry and Emery, to the adjoint Orstein–
Uhlenbeck process. The set of conserved quantities is UQ1 = {v 7→ 1} (that
is, only the mass is conserved), while the entropy dissipation is the so–called
relative Fisher information

DQ1(f) =
∫

v∈IRN

∣∣∣∣
∇f

f
+ v

∣∣∣∣
2

f dv.

Then, the estimate
DQ1(f) ≥ 2 H(f |MQ1

f ) (11)

is nothing else than the classical Sobolev logarithmic inequality of Gross (Cf.
[15], [16]). As a consequence, the following explicit estimate of convergence
holds:

Theorem 2: Let fin be an initial datum of L1 ∩ L log L(IRN) and f be
the unique solution of eq. (1) with Q = Q1 and f(0, ·) = fin. Then, for all
t > 0,

||f(t, ·)−MQ1

f(t,·)||L1(IRN ) ≤
√

2 ||fin||L1(IRN ) H(fin|MQ1

fin
) e−t. (12)



This result gives the optimal exponent in the exponential function of (12).
This can be proven because the spectrum of the Fokker–Planck operator is
known.

Note also that the logarithmic Sobolev inequality can be derived from the
study of the Fokker–Planck equation (and is derived in this way in [3] and
[22]). Actually, Bakry and Emery used this point of view to generalize the
logarithmic Sobolev inequality to many linear diffusion processes. See [2] for
a still higher level of generality, complete proofs and a detailed account of
references.

3. THE POROUS MEDIUM EQUATION

Many authors have worked on the long-time behavior of the porous medium
equation,

∂u

∂t
= ∆x(u

m), t ≥ 0, x ∈ IRN , (13)

where u ≥ 0 plays the same role as the density function f in the examples
above. When m > 1 one speaks of slow diffusion (the property of having
compact support is preserved with time), and when m < 1 of fast diffusion.
Qualitative properties of these equations have been intensively studied, and
depend very much on the exponent m.

Recently, the ideas from kinetic theory exposed above have been applied
to the long-time behavior problem. In order to transform this problem into
one that enters the general framework considered here, one first rescales it
and sets

u(t, x) =
1

tNα
u

(
ln t,

x

tα

)
, (14)

where α = [N(m − 1) + 2]−1. The new unknown u now satisfies the porous
medium equation with drift,

∂u

∂t
= ∆x(u

m) + αdivx(x u). (15)

The understanding of the asymptotic behavior of u is equivalent to that
of the asymptotic behavior of u, and the advantage of the rescaling is that
now there is a steady state, given by the family of the well-known Barenblatt



profiles,

u∞(x) =

[
m− 1

m
max

(
λ− α

|x|2
2

, 0

)] 1
m−1

.

Here λ is a constant that has to be chosen according to the law of conservation
of mass for solutions of (15).

In this problem the entropy functional is (up to a constant)

Hpm(u) =
∫

IRN
u(x)

[
1

m− 1
um−1(x) + α

|x|2
2

]
dx,

and the entropy dissipation is

Dpm(u) =
∫

IRN
u(x)

∣∣∣∣
m

m− 1
∇(um−1)(x) + αx

∣∣∣∣
2

dx.

Using quite different techniques, it was proven independently by Carrillo
and Toscani [7], Del Pino and Dolbeault [10], and Otto [20], that for m ≥
1− 1/N ,

Dpm(u) ≥ 2α [Hpm(u)−Hpm(u∞)].

With this generalization of the Gross logarithmic Sobolev inequality (which
is the limit case when m → 1), it is easy to obtain the following result.

Theorem 3 : Let m > max(N/(N + 2), 1 − 1/N), and u be a solution
of (13), with initial datum u0 ∈ L1

2(IR
N). Then, if u is defined by (14), one

has
‖u− u∞‖L1(IRN ) ≤ C(u0) e−αt,

where C(u0) is a constant depending on the mass, energy, entropy of u0.
We refer to the aforementioned works for proofs and more precise state-

ments, as well as a survey of previously known results.

4. THE FOKKER–PLANCK–LANDAU EQUATION

The Fokker–Planck–Landau kernel is a classical model for collisions in
plasma physics (Cf. [19]). It writes

Q2(f)(v) = divv

∫

v∗∈IRN

{
Id− (v − v∗)⊗ (v − v∗)

|v − v∗|2
}

B(|v − v∗|)



×
{
f(v∗)∇f(v)− f(v)∇f(v∗)

}
dv∗, (16)

where B is an a.e. strictly positive cross section.
Its set of conserved quantities is UQ2 = U (that is, mass, momentum,

energy are conserved). Its entropy dissipation functional is

DQ2(f) =
1

2

∫

v∈IRN

∫

v∗∈IRN
B(|v − v∗|) f(v) f(v∗)

×
{
Id− (v − v∗)⊗ (v − v∗)

|v − v∗|2
} (∇f

f
(v)− ∇f

f
(v∗),

∇f

f
(v)− ∇f

f
(v∗)

)
dvdv∗.

(17)
It is proven in [13] that when B ≥ B0 a.e. (for some constant B0 > 0), then
for all f ≥ 0,

DQ2(f) ≥ λ(f) H(f |MQ2

f ), (18)

where λ(f) depends only on the mass, energy and entropy of f , and is ex-
plicitly computable.

As a consequence, we get the following theorem:

Theorem 4: Let B be a cross section satisfying for all x ∈ IR+,

∀x ∈ IR+, C0 ≤ B(x) ≤ C1 (1 + |x|). (19)

Then, any smooth solution of eq. (1) with Q = Q2 (see [12] and [25] to get
a precise definition of a smooth solution) satisfies

||f(t, ·)−MQ2

fin
||L1(IRN ) ≤

√
2 H(fin|MQ2

fin
) ||fin||L1(IRN ) e−

λ(fin)

2
t, (20)

where λ(fin) depends (in an explicit, but complicated way) only on the initial
mass, momentum, energy and entropy.

It can be seen that the exponent in this theorem is not far from optimal
in some simple situations (Cf. [13]).

Note that many variants of this estimate can be obtained for cross sections
B which do not satisfy the assumption (19), usually with an algebraic decay
at the end instead of an exponential one. For example, hard potentials are
treated in [13] while (mollified) soft potentials are treated in [26].

There are two proofs of estimate (18). One is based on an explicit com-
putation which shows that the Fokker–Planck–Landau equation with cross



section B = 1 is close to the linear Fokker–Planck equation. The other one is
a refinement of an estimate of [11]. Both proofs use the logarithmic Sobolev
inequality.

5. THE BOLTZMANN EQUATION

We now consider Boltzmann’s kernel of rarefied monoatomic gases (Cf.
[8], [24])

Q3(f)(v) =
∫

v∗∈IRN

∫

ω∈SN−1

{
f(v′) f(v′∗)− f(v) f(v∗)

}

×B

(
|v − v∗|,

∣∣∣∣∣
v − v∗
|v − v∗| · ω

∣∣∣∣∣

)
dω dv∗,

where the post-collisional velocities v′, v′∗ are given by

v′ = v + ((v∗ − v) · ω) ω,

v′∗ = v∗ − ((v∗ − v) · ω) ω,

and B is the collision cross section.

As in the Fokker–Planck–Landau case, the collision invariants of Q3 are
UQ3 = U . The entropy dissipation is

DQ3(f) =
1

4

∫

v∈IRN

∫

v∗∈IRN

∫

ω∈SN−1

{
f(v′) f(v′∗)− f(v) f(v∗)

}

× log
{

f(v′) f(v′∗)
f(v) f(v∗)

}
B(|v − v∗|,

∣∣∣∣
v − v∗
|v − v∗| · ω

∣∣∣∣) dω dv∗ dv.

The first entropy dissipation estimate in this contexts were proven by Carlen
and Carvalho in [5] and [6]. We present here the latest developments of the
theory, due to Toscani and Villani. Suppose now that (say)

B1(1 + |z|)γ ≥ B(|z|, | z

|z| · ω|) ≥ B0 (1 + |z|)γ | z

|z| · ω|
N−2 (21)

for some γ ∈]0, 1], B0 > 0, B1 < +∞. In [23], it is proven that for all ε > 0,
f ≥ 0,

DQ3(f) ≥ Cε(f) H(f |Mf )
1+ε, (22)



where Cε only depends on an upper bound on the L1
r norm of f | log f | and

the L1
s norm of f (for some r > 2, s > 4) and on a Maxwellian lower bound

on f (that is, on K, A > 0 such that ∀v ∈ IRN , f(v) ≥ K e−A |v|2).

Using precise results on the propagation of Lp moments and lower bounds
for the spatially homogeneous Boltzmann equation (Cf. [27], [17]), one can
therefore prove the following result:

Theorem 5: Suppose that the cross section B satisfies (21) and that
the initial datum fin lies in L1

2 ∩ Lp
2+δ(IR

N) for some p > 1, δ > 0. Then a
solution f of eq. (1) with Q = Q3 and initial datum fin satisfies for all ε > 0
the estimate

||f(t, ·)−MQ3

fin
||L1(IRN ) ≤ Cε t−

1
ε , (23)

where Cε is explicitly computable and only depends on the norm of fin in
L1

2 ∩ Lp
2+δ(IR

N) (and of the parameters B0, γ in estimate (21)).

The proof of estimate (22) uses in fact estimate (18) (or rather a precised
version in terms of relative Fisher information) in a subtle way. It seems
however difficult to get an exponential decay in (23) as in the Fokker–Planck–
Landau case.

In many situations when (21) is not satisfied (for hard potentials with
or without cutoff for example), it is still possible to get estimates, though
usually for a given algebraic rate (Cf. [23]). This is also true for (mollified,
moderately) soft potentials, see [26].

6. INHOMOGENEOUS KINETIC EQUATIONS

We give here one example of the use of the entropy dissipation method
to compute a bound for the long time behavior of an inhomogeneous kinetic
equation, namely that of the spatially inhomogeneous linear Fokker–Planck
equation in a given potential :

∂tf + v · ∇xf −∇xV · ∇vf = divv(∇vf + v f), (24)

where V is a given potential behaving quadratically at infinity. The expected
limit for f is

f∞(x, v) =
[∫ ∫

fin(x, v) dvdx
]

e−
|v|2
2
−V (x).



We still denote by DQ1(f), MQ1

f and H(f |MQ1

f ) the respective entropy dis-
sipation of f , Maxwellian associated to f , and relative entropy of f . In all
those quantities, x is now a parameter.

The estimate of section 2 (integrated in x) shows that

− d

dt

∫

x∈IRN
H(f |f∞) dx ≥ 2

∫

x∈IRN
H(f |MQ1

f ) dx.

In order to get an estimate out of this equation, we need an extra inequality
between H(f |f∞) and H(f |MQ1

f ). The main difficulty is to take into account
the effects of space properly, since entropy is dissipated only in the velocity
variable.

It is proven in [14] that for any ε > 0,

d2

dt2
H(f |MQ1

f ) ≥ K H(f |f∞)− Cε(f) H(f |MQ1

f )1−ε,

where Cε depends on various size estimates on f , all of which are known to
hold uniformly when t → +∞.

As a consequence, it is proven that, under suitable assumptions on the
potential V and the initial datum fin, the estimate

||f(t)− f∞||L1(IRN×IRN ) ≤ Kε t−1/ε.

holds for all ε > 0.

7. CONCLUSION

We try in this section to see what are the advantages and drawbacks of
the entropy dissipation method with respect to the spectral approach.

We first emphasize the fact that the entropy dissipation method relies
on functional inequalities which are independent of the considered equation.
This confers to them a great robustness (they can be used for example, in an
inhomogeneous setting, like in the section above), and an explicit character
(all the constants can, at least in principle, be computed, no argument of com-
pactness is used). Finally, the functional inequalities usually are monotonous
with respect to the cross section, so that the set of treated cross sections can
in general be enlarged.



We may exemplify this on the case of the Boltzmann equation with soft
potentials (with a cross-section behaving like, say, (1+|v−v∗|)−β, 0 < β < 2).
Standard compactness arguments never managed to prove convergence to
equilibrium in this case (because of a lack of estimates of a priori tightness on
the second moment), and the absence of spectral gap results in a very delicate
analysis to get some results in a close-to-equilibrium context (Cf. [4]). On the
contrary, the use of entropy dissipation methods (combined with analytical
tools like the so-called smoothness of Q+, which enable to get robust a priori
estimates) quickly settled this question [26].

On the other hand, the spectral methods automatically give an exponen-
tial decay (when such a decay occurs), whereas the entropy dissipation meth-
ods often provide only an algebraic decay in situations where the exponential
decay is expected. This is often due to the fact that some interpolation has
to be used at some point. Such an interpolation also requires smoothness
properties for the solutions of the equation which may be very difficult prob-
lems . Yet one should note that in many occasions it is not necessary to prove
uniform in time a priori bounds (bounds that increase slowly with time may
be sufficient).
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