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Abstract. This paper deals with the spatially homogeneous Boltz-
mann equation when grazing collisions are involved. We study in a
unified frame the Boltzmann equation without cut-off, the Fokker-
Planck-Landau equation, and the asymptotics of grazing collisions,
for a very broad class of potentials; in particular, we are able to
derive rigorously the spatially homogeneous Landau equation with
a Coulomb potential. In order to do so, we introduce a new defi-
nition of weak solutions, based on the entropy production.
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1. Introduction

We are concerned in this paper with equations arising from kinetic
theory, describing the evolution of a gas (or a plasma) which is not at
equilibrium. They can be written as

(1)
∂f

∂t
= Q(f, f), t ≥ 0, v ∈ R3

where the unknown function f(t, v) is assumed to be nonnegative, and
stands for the density of particles at time t with velocity v; Q(f, f) is
a quadratic non-local operator describing the collisions within the gas,
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whose form we shall make explicit below. These equations are called
homogeneous since f is assumed to be independent of the position.

In most of what follows, the velocity space can be assumed to be
RN rather than R3, but this implies to change many constants and
exponents, so that we shall restrict ourselves to the physically realistic
case N = 3.

The first model that we shall consider is the Boltzmann equation [10,
11, 33],

(2)
∂f

∂t
= QB(f, f) =

∫

R3

dv∗

∫

S2

dω B(v − v∗, ω)(f ′f ′∗ − ff∗)

where S2 is the 2-dimensional unit sphere,

(3)

{
v′ = v − (v − v∗, ω)ω
v′∗ = v∗ + (v − v∗, ω)ω

and we adopt the usual convention f ′ = f(v′), and so on.
We recall the usual interpretation of (3) : v′, v′∗ stand for the ve-

locities of two particles that are about to collide, and v, v∗ for the
velocities of these particles after collision. In particular, they satisfy
the conservation of mass, momentum, energy{

v′ + v′∗ = v + v∗
|v′|2 + |v′∗|2 = |v|2 + |v∗|2.

B is a weight function for all possible values of the parameter ω. Its
particular form depends on the interaction between particles, but on
physical grounds it is always assumed that B(z, ω) depends only on |z|
and |(z/|z|, ω)|.

The meaning of equation (2) is clear : if we formally split the collision
operator,

(4) QB(f, f) = Q+(f, f)−Q−(f, f)

it is easily seen that the second term (loss term) “counts” all collisions
in which particles of velocity v acquire a different velocity, while the
first one counts the particles that acquire the velocity v.

In most of what follows, we shall assume that the particles inter-
act through repulsive forces following an inverse power law : that is,
any two particles apart from a distance r exert on each other a force
proportional to 1/rs. In this case [10],

(5) B(z, ω) = |z|γb(α), γ =
s− 5

s− 1
, α =

̂(
z

|z| , ω
)

, 0 ≤ α ≤ π

2
,

where α is the angle formed by z and ω, and b is a nonnegative function,
defined implicitly, locally bounded, with one nonintegrable singularity
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for α ∼ π
2
; more precisely,

(6) b(α)∼ C
(π

2
− α

)− s+1
s−1

as α → π

2
.

This singularity reflects the importance, for such potentials, of the so-
called “grazing collisions” (that is, the collisions such that v′ ' v).
These are a source of great mathematical difficulties because the split-
ting (4) is impossible, and therefore most works on the subject ([1, 18],
etc.) make the assumption of Grad’s angular cut-off [10]

b ∈ L1
(
0,

π

2

)
.

With or without the cut-off assumption, the properties of the equa-
tion depend heavily on γ. It is customary to speak of hard poten-
tials for s > 5 (i.e. γ > 0), and soft potentials for 2 ≤ s < 5 (i.e.
−3 ≤ γ < 0). The special cases, s = 5 and s = 2, are called respec-
tively the Maxwellian and Coulomb potentials. Soft potentials often
appear to be much more difficult to study, as regards both the ho-
mogeneous theory and the near-equilibrium inhomogeneous setting [8].
However, this does not seem true for renormalized solutions [18], and
we shall come back to this.

The theory of the homogeneous Boltzmann equation for hard poten-
tials with cut-off is by now fairly complete. After the pioneering works
by Carleman [9] and Povzner [29], Arkeryd [1] proved existence and
uniqueness of a solution to the Cauchy problem under the assumption
of boundedness of some moments of the initial data, and the conver-
gence to equilibrium if the initial entropy is finite. These results have
been improved by several authors [19, 22, 14, 38]), and finally the re-
cent results [28] are almost optimal as regards the existence and the
uniqueness of solutions.

On the other hand, there is very little literature dealing either with
soft potentials, or with potentials without cut-off. The first significant
result in this field was given by Arkeryd [2], who proved existence of
weak solutions for potentials without cut-off and “not too soft”, that is,
for γ > −1. Then Arkeryd [3] and Elmroth [19] studied these solutions
in the hard potential case.

We shall first show in this paper how Arkeryd’s argument can be
adapted to yield weak solutions for −2 ≤ γ ≤ −1. We mention that
this extension has also been treated independently by Goudon [21].
However, for γ < −2, this method does not work any more, and we
shall explain why. This will lead us to introduce a new concept of
weak solution, that can be handled for very soft potentials (essentially,
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−4 < γ < −2). We call them H-solutions because they rely upon a for-
mulation of the Boltzmann equation involving the entropy production.
The basic idea behind the definition is very simple : roughly speaking,
the finiteness of the entropy production yields a partial “regularity-
type” a priori bound on the tensor product function f(v)f(v∗), which
is enough to give a meaning to the collision operator even for very
singular cross-sections. Precise statements are given in section 3.

For a Coulomb potential (proportional to 1/r in dimension 3), the
Boltzmann equation becomes inadequate because grazing collisions be-
come preponderant over all other collisions. In 1936, Landau [24] de-
rived from the Boltzmann equation another equation in which only
grazing collisions are taken into account :

(7)
∂f

∂t
=

∂

∂vi

{∫

R3

dv∗ aij(v − v∗)
(

f∗
∂f

∂vj

− f
∂f∗
∂v∗j

)}
,

where aij(z) is some nonnegative symmetric matrix function whose
form will be detailed below, and we use the convention of implicit sum-
mation over repeated indices. This equation is also called the Fokker-
Planck equation and has considerable importance in plasma physics.

The limiting process involved, called the “asymptotics of grazing
collisions”, was studied by Degond and Lucquin [12], while Desvillettes
[13] did an analogous work for potentials other than the Coulomb one
(the nature of the asymptotics is in fact quite different in those two
cases). These works were only concerned with formal results, proving
that the Boltzmann collision operator reduced to the Landau one for
a smooth enough density f , when all collisions become grazing.

According to [13], for a given inverse power potential, we have

(8) aij(z) = Λ|z|γ+2Πij(z)

where Π(z) is the orthogonal projection on z⊥,

(9) Πij(z) = δij − zizj

|z|2 , z 6= 0,

and Λ is some constant depending on the particular form of the asympto-
tic process.

On the other hand, Arsen’ev and Buryak [4] have shown how a rig-
orous theorem could be obtained, proving that solutions of the Boltz-
mann equation converge towards solutions of the Landau equation,
when grazing collisions prevail. There, the limiting process was carried
for weak solutions, using essentially compactness tools developed by
Arkeryd [2]. However, this theorem was proven only under very strong
assumptions on the kernel (smooth, truncated for |z| near 0 and ∞).
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We shall show how to treat the asymptotics of grazing collisions
in a frame consistent with the existence theorems on the Boltzmann
equation without cut-off and much weaker assumptions than in [4].
Under very weak hypotheses we shall recover (8). We are also able to
treat the Coulomb case, thus giving a first rigorous basis to the work
of Degond and Lucquin.

We emphasize the importance of the study of these asymptotics, as
one of the basic justifications for the Landau equation. In particular,
the problem of the rigorous derivation of this latter from the dynamics
of charged particles is completely open.

We have chosen to present our results about weak solutions and graz-
ing collisions together, since exactly the same estimates and methods
are used for both problems.

The study of the Landau equation is also of interest for the Boltz-
mann equation, in that it can help us understand some of the effects
of grazing collisions. For example, it is conjectured that, as a gen-
eral rule, the singularity in b is associated with regularizing properties,
so that Arkeryd’s weak solutions should become regular for t > 0.
A significant progress was accomplished in this direction by Desvil-
lettes [15] and Proutière [30] who proved that at least in “simple” cases
(smoothed hard potentials, two-dimensional radial solutions) this con-
jecture is true (the solution is found to belong to Schwartz’s space of
C∞ functions that decrease rapidly at infinity). However, the proofs re-
main extremely technical. In a forthcoming joint work with Desvillettes
[16], we shall study qualitative properties of solutions to the Landau
equation, and show that regularity estimates can be obtained more di-
rectly in this context. In another work [37], we shall also show how the
entropy dissipation estimate can yield some a priori smoothness in the
non cut-off case.

Our study will make clear important qualitative differences between
hard, “moderately soft”, and “very soft” potentials, as regards both
the methods of proof and the properties of solutions.

We briefly discuss the organization of the paper. Section 2 is devoted
to the basic identities and to the precise formulation of the mathemat-
ical problems. In section 3, we give our definitions and results; in
particular, we introduce the notion of H-solutions. In section 4, we
recover Arkeryd’s results and treat a first (simple) extension; we also
perform the asymptotics of grazing collisions in this case. In section 5,
we explain why it seems impossible to go further with the same tech-
niques, because of a lack of a priori estimates. In section 6, we overcome
this difficulty by the use of H-solutions, and prove existence theorems
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for these. We also perform the asymptotics of grazing collisions in this
framework. Finally, section 7 focuses on the Coulomb case.

Acknowledgement : We would like to thank Laurent Desvillettes
for helpful conversations and valuable comments during the preparation
of this work. We also thank Stphane Mischler for pointing out an
inconsistency in an early version of the paper.

2. Basic identities and formulation of the problem

In most of what follows, we shall assume for simplicity that we deal
with inverse power forces, or rather that B takes the form given by (5).

We first recall some well-known facts about the equation (2). Let f
be a (smooth) solution of this equation, and let ϕ(v) be some function
of the velocity. Multiply the equation by ϕ and integrate over R3.
Then, thanks to the change of variables with unit Jacobian

(10) (v, v∗) → (v′, v′∗)

we obtain, at least formally

(11)

∫
QB(f, f)ϕ =

∫
dv dv∗ dωB(v − v∗, ω)ff∗(ϕ′ − ϕ)

Next, thanks to the change of variables

(v, v∗) → (v∗, v)

we also have

(12)

∫
QB(f, f)ϕ =

1

2

∫
dv dv∗ dωB(v − v∗, ω)ff∗(ϕ′ + ϕ′∗ − ϕ− ϕ∗)

Thus, if we choose ϕ such that ϕ′+ϕ′∗ is identically equal to ϕ+ϕ∗,
the right-hand side of the equation vanishes. It can be shown that the
only such ϕ (the so-called collisional invariants) are linear combinations
of 1, vi and |v|2, 1 ≤ i ≤ 3. Therefore, we have the following identities
expressing conservation of mass, momentum and kinetic energy

(13)
d

dt

∫
dv f(t, v) = 0,

d

dt

∫
dv f(t, v)vi = 0,

d

dt

∫
dv f(t, v)

|v|2
2

= 0.

Now, we can give another form of (12),
(14)∫

QB(f, f)ϕ = −1

4

∫
dv dv∗ dωB(v−v∗, ω)(f ′f ′∗−ff∗)(ϕ′+ϕ′∗−ϕ−ϕ∗)
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whence, by setting ϕ = log f , using the fact that log is a strictly
increasing function, we see that

(15)
dH
dt

≡ d

dt

∫
dv f(v, t) log f(v, t) ≤ 0.

More precisely, for any T > 0,
∫

f log f(T )+
1

4

∫ T

0

dt

∫
dv dv∗ dωB(v−v∗, ω)(f ′f ′∗−ff∗)(log f ′f ′∗−log ff∗)

(16) =

∫
f log f(0).

Equality in (15) occurs if and only if f ′f ′∗ − ff∗ vanishes identically.
It can be shown under very weak assumptions that such functions are
the so-called Maxwellians

(17) M(v) =
ρ

(2πT )3/2
e−

|v−v0|2
2T ,

for some constants ρ, T > 0, v0 ∈ R3. The identity (15) expresses the
decrease of the entropy of the solution with time. the Gibbs lemma
asserts that for given mass, energy and momentum, the densities with
minimal entropy are exactly the Maxwellians, and this strongly sug-
gests that the solutions tend towards these equilibrium states as time
increases.

It is thus natural to assume that the solutions we seek will have finite
mass, energy and entropy – energy cannot probably be dispended with,
at least for hard potentials, as suggests the non-existence result proven
in [28]. On the other hand, the assumption of finite entropy might
possibly be avoided; however, we shall use it in a crucial way.

Next, we give another useful representation of the Boltzmann equa-
tion, obtained by the change of variables

σ =
v − v∗
|v − v∗| − 2

(
ω,

v − v∗
|v − v∗|

)
ω

It is easily checked that

dω =
1

4 cos α
dσ,

where α still denotes the angle between ω and v − v∗. Then we use a
spherical coordinate system with axis v − v∗,

σ =
v − v∗
|v − v∗| cos θ +

(
cos φ~h + sin φ~ı

)
sin θ.
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In these variables,

(18) |(v − v∗, ω)| = |v − v∗| sin θ

2

(19)





v′ =
v + v∗

2
+
|v − v∗|

2
σ

v′∗ =
v + v∗

2
− |v − v∗|

2
σ,

and the collision frequency becomes

B(z, ω) dω =
B(z, θ)

4 cos α
dσ =

cos(θ/2)

2
B(z, θ) dθ dφ ≡ B̃(z, θ) dθ dφ.

Replacing B by its symmetrized version if necessary, we can limit
ourselves to 0 ≤ θ ≤ π/2, which amounts more or less to forbid the
exchange of particles. Now the collision operator reads

(20) Q(f, f) =

∫ 2π

0

dφ

∫ π/2

0

dθ

∫
dv∗ |v − v∗|γζ(θ)(f ′f ′∗ − ff∗)

where

(21) ζ(θ) ∼ C θ−
s+1
s−1 (θ → 0)

is never in L1(0, π/2) since (s + 1)/(s− 1) ∈ (1, 3).
The singularity in ζ prevents us to define Q(f, f) as a function unless

f is smooth enough. To circumvent this difficulty, Arkeryd used the
identity (11) as a definition of Q(f, f). To make sense of this expres-
sion, no regularity is required on f and it suffices that θζ(θ) belong
to L1(0, π/2), which is satisfied if s > 3. This definition is also quite
satisfactory from the point of view of statistical physics, where only
averages of microscopic functions make sense. By the way, we mention
that it is under this form that Maxwell wrote the very first version of
the equation ([27], eq. (3)) !

It seems natural to use the identity (12) as another definition of weak
solutions, and this is precisely what we shall do first. As we shall see,
this is possible if we limit ourselves to soft potentials with s ≥ 7/3. In
fact there are two problems to handle.

• The singularity of |z|γ near z = 0; as ϕ′ + ϕ′∗−ϕ−ϕ∗ vanishes
only up to order 2 near (v− v∗ = 0), this formulation no longer
makes sense for γ < −2.

• The singularity of ζ(θ) near θ = 0. It turns out that there
are two fundamentally distinct cases : either s > 2, or s = 2
! The analysis that we shall develop requires that θ2ζ(θ) ∈
L1(0, π/2). For s = 2 we only have θ2ζ(θ) ∈ L1,∞(0, π/2). So
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the Coulomb case cannot be included unless some smoothing of
this singularity is done. Without such a smoothing, we do not
think that any reasonable sense can be given to the Boltzmann
equation.

These considerations, and other differences based on qualitative prop-
erties of the solutions, justify the following classification for inverse-
power potentials :

• for s > 5, i.e. 0 < γ < 1, we speak of hard potentials;
• for 7/3 < s < 5, i.e. −2 < γ < 0, we speak of moderately soft

potentials;
• for 2 ≤ s < 7/3, i.e. −3 ≤ γ < −2, we speak of very soft

potentials.

The case s = 7/3 behaves like moderately soft or like very soft poten-
tials, depending on the cases. We shall simply call it the 7/3−potential.

Remark. The works of Arkeryd and Caflisch deal only with potentials
such that s > 3. However, as we shall see, this is nonessential in
Arkeryd; and we think it likely that the results of Caflisch can be
extended to s > 7/3, as was announced by Ukai and Asano [34]. The
limit exponent 7/3 also appears in [20].

Now, using the representation (20), we can make precise the asymp-
totics of grazing collisions : they simply consist in letting the function
ζ(θ) concentrate on the singularity θ = 0. This can be done in several
ways, for example [13]

(22) ζε(θ) =
1

ε3
ζ

(
θ

ε

)
.

In the formula above, we assume that ζ has been extended to all R+

by 0. In this case, the constant Λ appearing in (8) is given by

(23) Λ =
π

8

∫ π/2

0

θ2ζ(θ) dθ

It should be more relevant to let

(24) ζε(θ) =
1

ε
ζ

(
θ

ε

)
sin2(θ/2ε)

sin2(θ/2)
dθ;

in this case,

(25) Λ =
π

2

∫ π/2

0

sin2 θ

2
ζ(θ) dθ

and Λ is preserved during the process. |z|γ−1Λ is then a well-known
quantity in kinetic theory, namely the total cross-section for momentum
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transfer [32]. Λ has then a precise physical meaning, which is not true
for

∫
dθ ζ(θ).

Another possible choice is

Λ =
π

8

∫ π/2

0

sin2 θ ζ(θ) dθ

(see [36] for related arguments). In the case of Maxwellian molecules, Λ
is then, up to a universal constant, the first eigenvalue of the linearized
collision operator.

Since sin θ ∼ θ as θ → 0, which choice is made has obviously no
incidence on the results.

The physical meaning of (22) is not obvious. In fact, “strictly” graz-
ing collisions alone do not have any effect on the Boltzmann equation,
so that it is necessary to artificially “renormalize” by a factor ε−2 the
collision operator that one would obtain by simply letting ζ concen-
trate on 0 as a dirac mass. To see what this means physically, the best
may be to think of the impact parameter representation [10],

(26) B̃(z, θ) dθ = |z| b db

where b stands for the impact parameter (in physical space) of the col-
liding particles (that is, their distance of closest approach if they did
not interact). θ → 0 corresponds to b →∞, since particles with a very
high impact parameter interact very little. So we see that the grazing
asymptotics process consists not only in neglecting the collisions among
close particles, but at the same time to reinforce the mutual interaction
of particles that are very far apart. This amounts more or less to con-
sidering a sequence of artificial potentials – it would be an interesting
question to determine exactly which ones, and perhaps we could ob-
tain from this problem new asymptotics that would be physically more
relevant.

For the Coulomb potential, the situation is drastically different from
the mathematical point of view, since the integral (23) diverges loga-
rithmically. This reflects the well-known “long-range correlations” in
plasma physics : collisions with a high impact parameter count more
than close ones. Therefore physicists, since Landau, usually make a
screening hypothesis [12] and assume that collisions with a too high
impact parameter do not matter. We postpone the discussion of this
until section 7. This ambiguity can be removed only by a more pre-
cise, but much more complicated model, the so-called Balescu-Lenard
equation [5, 25, 31]. This one was obtained by Balescu directly from
the Liouville equation, while Bogoliubov derived it by the use of a
BBGKY-type hierarchy [6].



H-SOLUTIONS 11

Finally, we investigate the basic properties of the Landau equation.
First we denote by

(27) bi(z) = ∂jaij(z), c(z) = ∂ijaij(z),

(28) aij = aij ∗ f, bi = bi ∗ f, c = c ∗ f.

In the case of inverse-power laws with γ > −3, up to a multiplicative
constant,

(29) aij = Πij(z)|z|γ+2, bi = −2|z|γ+2 zi

|z|2 , c = −2(γ + 3)|z|γ,

while in the Coulomb case (γ = −3), the last identity must be replaced
by

(30) c = −8πδ0.

The properties of the Landau equation also depend heavily on γ.
For instance (and this is another argument in favour of the distinction
between moderately soft and very soft potentials), we mention that
the compactness properties [26] and the existence of weak solutions in
the inhomogeneous context by means of renormalization tools [35] can
only be done, as far as we know, for very soft potentials, including the
7/3−potential ([26], Eq. (14); the problem there is not the singularity,
but the control of high velocities).

The Landau equation can be written in several ways, in particular,

(31) ∂tf = ∇ · (a∇f − bf
)
,

(32) ∂tf = aij∂ijf − cf

(of course, we note a∇f = aij∂jf , a∇f∇ϕ = aij∂if∂jϕ, and so on...)
So the Landau equation appears as a second-order derivative equa-

tion with coefficients depending on f . This dependence can be very
strong : for example, in the Coulombian case, c is proportional to −f ,
so that there is a quadratic nonlinearity in the above formula.

Now, for any test-function ϕ(v), we have, at least formally,
(33)∫

QL(f, f)ϕ =
1

2

∫
dv dv∗ a(v − v∗)ff∗

(∇f

f
− ∇∗f∗

f∗

)
(∇ϕ−∇∗ϕ∗)

Taking ϕ = 1, vi, |v|2/2, and noting that v − v∗ is in the kernel of
a(v−v∗) for all distinct v, v∗, we see that, at least formally, the Landau
equation preserves mass, momentum and energy. Taking ϕ = log f and
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noting that a is nonnegative, we obtain that the entropy is decreasing.
More precisely,
∫

f log f(T )+
1

2

∫ T

0

dt

∫
dv dv∗ a(v−v∗)ff∗

(∇f

f
− ∇∗f∗

f∗

)(∇f

f
− ∇∗f∗

f∗

)

(34) =

∫
f log f(0).

We note that the weak formulation (33) is used in numerical simu-
lation [7], because it has the advantage of forcing the conservation of
mass, momentum and energy, and the decrease of entropy.

There are at least three other possible weak forms,

(35)

∫
QL(f, f)ϕ = −

∫
a∇f∇ϕ +

∫
bf∇ϕ

(36)

∫
QL(f, f)ϕ =

∫
aij∂ijϕ + 2

∫
bif∂iϕ,

∫
QL(f, f)ϕ =

1

2

∫
dv dv∗ ff∗aij(v − v∗) (∂ijϕ + (∂ijϕ)∗)

(37) +

∫
dv dv∗ ff∗bi(v − v∗) (∂iϕ− (∂iϕ)∗) ,

from which the conservation of mass, momentum and energy can be
deduced; indeed, the energy conservation reduces to

∀z 6= 0
∑

i

aii(z) + bi(z)zi = 0,

which follows directly by differentiating the equation∑
i

aij(z)zi = 0.

3. Definitions and main results

This section is the heart of the matter. We present here the different
weak solutions that will be used and obtain related estimates.

We shall make three different assumptions on the parameters de-
scribing the interaction between particles. It will be clear from the
proofs how these assumptions can be relaxed. In particular, we do not
need the dependence in z to be exactly like a power function; only the
asymptotic behaviour near 0 or ∞ (depending on the cases) matters.
Also it is not always necessary that Boltzmann’s collision kernel split
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in a product of independent terms. We add a very natural assumption
on the sequences of concentrating functions ζε that will be used in the
asymptotics of grazing collisions.

Assumption (A)

B̃(z, θ) = |z|γζ(θ) with −2 ≤ γ < 1 and
∫

θ2ζ(θ) < ∞.

Assumption (B)

B̃(z, θ) = |z|γζ(θ) with −3 ≤ γ ≤ −2 and
∫

θ2ζ(θ) < ∞.

Assumption (C)

B̃(z, θ) = |z|−3ζ(θ) with ζ(θ) ∼ 1/θ3 (θ → 0), and

ζε(θ) =
1

log ε−1
1θ≥ε ζ(θ).

In all the cases, we assume that
for all θ0 > 0, ζε(θ) −→ 0 uniformly on (θ0, π/2), and

π

2

∫ π/2

0

dθ sin2 θ

2
ζε(θ)−→Λ < ∞ as ε → 0.

We shall say that (ζε) is “concentrating on grazing collisions”.

Remarks.

(1) We recall the physical meaning of this last condition : the total
scattering cross-section for the momentum transfer associated
to ζε tends to a finite limit.

(2) Of course, our assumptions include also the cut-off case; nowhere
in the proofs will it be assumed that ζ has a singularity.

(3) In fact, one could take γ < 2 in assumption (A), and γ > −4
in assumption (B). This will be clear from the proofs.

Definition 1. Let f0 be a function defined on R3, with finite mass,
energy and entropy. We shall say that (t, v) 7−→ f(t, v) is a weak
solution of the Cauchy problem associated to the equation (1), where Q
is either QB or QL, if the following conditions are fulfilled;

(a) f ≥ 0; f ∈ C(R+;D′); ∀ t ≥ 0 f(t) ∈ L1
2 ∩ L log L;

f ∈ L1([0, T ], L1
2+γ);

(b) f(0) = f0;

(c) ∀t ≥ 0

∫
f(t)ψ =

∫
f0ψ for ψ = 1, vi, |v|2;

∫
f log f(t) ≤

∫
f0 log f0;

(d) ∀ϕ(t, v) ∈ C1(R+; C∞
0 (R3)),∀ t ≥ 0
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∫
f(t)ϕ(t)−

∫
f0ϕ(0)−

∫ t

0

dτ

∫
f(τ)∂tϕ(τ) =

∫ t

0

dτ

∫
Q(f, f)(τ)ϕ(τ),

the last integral in the right-hand side being defined by formulae (12)
or (37).

These formulae make sense as soon as f satisfies (a) and ϕ ∈ W 2,∞(R3),
as we shall see. We have adopted the usual definitions,

L1
2(R3) =

{
f(v)

/ ∫
|f(v)|(1 + |v|2) < ∞

}
,

L1
2+γ(R3) =

{
f(v)

/∫
|f(v)|(1 + |v|2+γ) < ∞

}

with their natural norms.
Alternative definitions are possible : in particular, we also could

assume that the energy of f may be decreasing (see [16]). We note
that (d) could be replaced by

(d′)∀ϕ ∈ C∞
0 (R3),∀s, t > 0,

∫
f(t)ϕ−

∫
f(s)ϕ =

∫ t

s

dτ

∫
Q(f, f)(τ)ϕ,

which has the advantage to impose some temporal regularity to the
averages of f , i.e. the physically meaningful quantities. In view of the
hypotheses on f , these definitions are equivalent. We shall work with
the formulation (d′) in the sequel.

Theorem 1. (i) Let f0 be a nonnegative function with finite mass,
energy and entropy. If γ > 0, assume in addition that f0 ∈ L1

2+δ for
some δ > 0. Then, under assumption (A), there exists a weak solution
f of the Cauchy problem to the Boltzmann (resp. Landau) equation,
with initial data f0. Moreover, for all ϕ ∈ W 2,∞(R3), t 7−→ ∫

f(t)ϕ is
Lipschitz if f0 ∈ L1

2+γ (this always holds if γ ≤ 0), or in any case for
t ≥ t0 > 0.

(ii) Let ζε(θ) be a sequence of kernels satisfying Assumption (A) and
concentrating on grazing collisions. Let f0 be a nonnegative function
with finite mass, energy and entropy; if γ > 0, assume in addition that
f0 ∈ L1

2+δ for some δ > 0. Then, up to extraction of a subsequence, f ε

converges weakly in Lp((0, T ); L1(R3)) to a weak solution of the Landau
equation, for all T > 0, 1 ≤ p < ∞ (in the sequel, we shall abbreviate
this to “weakly in L1”).

For γ < −2, (12) does not make sense any more. This is due to the
appearance in

∫
QBϕ of a term like

∫
dt dv dv∗

ff∗
|v − v∗|ν ,
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with ν = −(γ + 2) ∈ (0, 1], which is not well-defined for f ∈ L log L
(if ν = 1 one should require for example that f ∈ L6/5 [12], in order
to apply the classical Hardy-Littlewood-Sobolev inequality). However,
we could hope that for some well-chosen test-function ϕ, the singular
part of the integral has a fixed sign, at least locally, and this would
then yield a new a priori estimate. But we prove in section 5 the

Theorem 2. Let ϕ be a test-function such that the integrand in the
weak formulation of

∫
QB(f, f)ϕ can be split into a nonnegative part

and a locally integrable part, for all f with bounded mass, energy and
entropy. Then ϕ is a collisional invariant.

Thus, we are led to reject weak solutions. In fact, their drawback is
that they are defined so as to use only the a priori estimates in L1

2 and
L log L given by the physical laws, and do not use further regularity
assumption on f . But this approach neglects a fundamental estimate
that yields some kind of regularity, namely the entropy production given
by (16) and (34). To understand what information can be extracted
from these complicated expressions, we shall rewrite them differently.

We begin with the Landau case, where the “regularity” is clearer.
Fixing some T > 0 for convenience, the entropy production estimate
reads∫ T

0

dt

∫
dv dv∗ |v−v∗|γ+2Π(v−v∗)ff∗

(∇f

f
− ∇∗f∗

f∗

)(∇f

f
− ∇∗f∗

f∗

)
≤ C.

Now, we note that

√
ff∗

(∇f

f
− ∇∗f∗

f∗

)
= 2

√
f∗∇

√
f−2

√
f∇∗

√
f∗ = 2 (∇−∇∗)

√
ff∗.

Next we remark that, since (∇ − ∇∗)|v − v∗|(γ+2)/2 is colinear to
v − v∗, it lies in the null space of Π(v − v∗), so that

Π (∇−∇∗) |v − v∗|
γ+2
2 = 0,

and |v − v∗|(γ+2)/2 commutes with Π(∇−∇∗).
Finally, Π is a projector, so that

Π2 = Π.

Thus, we can rewrite our estimate in the following compact form :

(38)

∫ T

0

dt

∫
dv dv∗

∥∥∥Π (∇−∇∗)
√

ff∗|v − v∗|γ+2

∥∥∥
2

≤ C.

Now, let us set

x1 =
v + v∗

2
, x2 = v − v∗,
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so that dv dv∗ = dx1 dx2 ≡ dx, and

F (x1, x2) ≡ F (v, v∗) = ff∗|v − v∗|γ+2.

Of course,

∇2 = ∇−∇∗;

thus the entropy production estimate yields

(39) Π∇2

√
F ∈ L2((0, T )× R3 × R3).

This is really a regularity estimate on the derivative, with respect to
x2 = v−v∗, of the function F . This estimate is not along all directions,
but only along the directions that are orthogonal to v − v∗. However,
this will be enough to give sense to the equation.

We shall now use as a definition of QL the identity (33), that we
shall rewrite so that it make sense∫

QL(f, f)ϕ = −1

2

∫
Π|v − v∗|γ+2 (f∗∇f − f∇∗f∗) (∇ϕ−∇∗ϕ∗)

= −1

2

∫
Π

(|v − v∗|γ+2(∇−∇∗)(ff∗)
)
(∇ϕ−∇∗ϕ∗)

= −1

2

∫
Π

(
(∇−∇∗)ff∗|v − v∗|γ+2

)
(∇ϕ−∇∗ϕ∗)

(40) = −1

2

∫
Π (∇2F ) (Φ− Φ∗)

where we have set

Φ = ∇ϕ.

Now, by the chain-rule,

∇2F = 2
√

F∇2

√
F

and finally we obtain

(41)

∫
QL(f, f)ϕ = −

∫
Π

(
∇2

√
F

)√
F (Φ− Φ∗) .

Next let us observe that Φ − Φ∗ is a bounded vector-valued C∞

function, vanishing near the “diagonal” v = v∗ (or the “axis” x2 = 0).
Hence there exists some bounded C∞ matrix function Θ(v, v∗) such
that

Φ− Φ∗ = Θ(v, v∗)(v − v∗).

This proves that near (v = v∗),
√

F (Φ− Φ∗) ≤ C
√

ff∗|v − v∗|
γ+2
2

+1.
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Under assumptions (B) or (C), (γ + 2)/2 + 1 ≥ 1/2. Since
√

ff∗(1 +
|v|+ |v∗|) ∈ L2(dv dv∗),

(42)
√

F (Φ− Φ∗) ∈ L2((0, T )× R3 × R3)

Estimates (39) and (42) together are clearly enough to make sense
of (41); we shall take this as a definition of weak solutions. Since this
definition relies crucially on the estimate given by the negativity of the
entropy production (the H-theorem), and to distinguish them from
Arkeryd’s weak solutions, we shall call them H-solutions.

Now we shall perform similar manipulations for the Boltzmann equa-
tion. We start from∫ T

0

dt

∫
dφ dθ

∫
dv dv∗|v−v∗|γζ(θ) (f ′f ′∗ − ff∗) (ln f ′f ′∗ − ln ff∗) ≤ C,

and we note that
|v′ − v′∗| = |v − v∗|

yields

ln f ′f ′∗ − ln ff∗ = ln f ′f ′∗|v′ − v′∗|γ+2 − ln ff∗|v − v∗|γ+2.

So that we have
∫ T

0

dt

∫
dφ dθ

∫
dv dv∗ζ(θ)

(f ′f ′∗|v′ − v′∗|γ+2 − ff∗|v − v∗|γ+2) (ln f ′f ′∗|v′ − v′∗|γ+2 − ln ff∗|v − v∗|γ+2)

|v − v∗|2 ≤ C.

We set as before

F (x1, x2) = F (v, v∗) = ff∗|v − v∗|γ+2,

and define, according to (19),

x′ = (x1, |x2|σ),

so that

|x2 − x′2| = |v − v∗|
∣∣∣∣

v − v∗
|v − v∗| − σ

∣∣∣∣ = 2|v − v∗| sin θ

2
.

Now, with these notations, using the (classical) identity, valid for non-
negative reals x,y,

(ln x− ln y)(x− y) ≥ 4
(√

x−√y
)2

,

we see that the entropy production estimate yields the bound

(43)

∫ T

0

∫
dφ dθζ(θ) sin2 θ

2

∫
dx

(√
F (x′)−

√
F (x)

)2

|x2 − x′2|2
≤ C
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or

(44)
√

ζ(θ) sin
θ

2

(√
F (x′)−

√
F (x)

)

|x2 − x′2|
∈ L2(dt dθ dφ dx).

Remarks.

(1) Of course, there is a considerable formal similarity between (44)
and (39) (we performed the computation in such a way to make
this clear). This similarity will be used to prove the stability of
the entropy production estimates in the asymptotics of grazing
collisions.

(2) We note that one can also work with ff∗ instead of ff∗|v −
v∗|γ+2. The expressions thus obtained are less similar to the
ones in the Landau case, but simpler.

(3) The estimate (44) is some kind of regularity estimate along the
directions where ζ(θ) > 0. When all collisions become grazing,
the only direction that remains is the direction orthogonal to
x2 (that is, θ = 0).

Now, starting from identity (14), and using again the identity 2 |x2| sin(θ/2) =
|x2 − x′2|, we get∫

QB(f, f)ϕ =

∫
|v − v∗|γζ(θ) (f ′f ′∗ − ff∗) (ϕ′ + ϕ′∗ − ϕ− ϕ∗)

=

∫
ζ(θ)

F (x′)− F (x)

|x2|2 (ϕ′ + ϕ′∗ − ϕ− ϕ∗)

=

∫
ζ(θ)

|x2|2
(√

F ′ −
√

F
)(√

F ′ +
√

F
)

(ϕ′ + ϕ′∗ − ϕ− ϕ∗)

(45)

=

∫ (√
ζ(θ)2 sin(θ/2)

√
F ′ −√F

|x2 − x′2|

)[√
ζ(θ)

√
F ′ +

√
F

|x2| (ϕ′ + ϕ′∗ − ϕ− ϕ∗)

]
.

As we shall see, ϕ′ + ϕ′∗ − ϕ− ϕ∗ = O(|x2|2θ); so that, for instance,
locally

√
F

|x2|
√

ζ(θ) (ϕ′ + ϕ′∗ − ϕ− ϕ∗) ∼ C
√

ff∗|v − v∗|
γ
2
+2θ

√
ζ(θ)

as |v− v∗|θ → 0. Now,
√

ff∗(1+ |v|+ |v∗|) ∈ L2(dv dv∗). Since γ ≥ −3
and

√
ζθ ∈ L2(dθ), we see that

(46)
√

ζ(θ)

√
F ′ +

√
F

|x2| (ϕ′ + ϕ′∗ − ϕ− ϕ∗) ∈ L2(dt dθ dφ dx).
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Now, (44) and (46) together are clearly enough to give sense to (45).

Definition 2. Let f0 be an initial condition with finite mass, energy
and entropy. We shall say that f is a (weak) H-solution of the Cauchy
problem associated to f0 if f satisfies (a)-(d) of Definition 1, the last
integral being defined by (45) or (41).

Theorem 3. (i) Let f0 be an initial condition with finite mass, energy
and entropy. Then, under assumption (B), there exists an H-solution
to the Cauchy problem associated with either Boltzmann or Landau
equation, with initial data f0. Moreover, for all ϕ ∈ W 2,∞(R3), t 7−→∫

f(t)ϕ is Hlder-continuous with exponent 1/2.

(ii) Let ζε be a sequence of kernels satisfying assumption (B) and
concentrating on grazing collisions, and let f ε be a sequence of H-
solutions to the associated Cauchy problem for the Boltzmann equation.
Then, up to a subsequence, f ε converges weakly in L1 to an H-solution
of the Landau equation.

We add a few comments.

(1) H-solutions can also be defined for moderately soft potentials.
For hard potentials, the bounds (42), (46) fail to be true if one

only assumes that the energy is bounded, because
√

F =
√

ff∗
|v − v∗|γ/2+1 and γ/2 + 1 > 1 if γ > 0. However, to overcome
this problem, it is sufficient to impose f ∈ L1(0, T ; L1

γ+2).
(2) Next, we point out that the entropy production is naturally

used for the construction of renormalized solutions [18]. In
renormalized contexts, the entropy production has also been
used to control defect measures [17, 35].

(3) f ′f ′∗ − ff∗ should really vanish up to order 2 if f were regular
enough, as can be seen by expanding it near (v = v∗). Even
though this is false for an arbitrary function in L log L, we see
that if ζ is uniformly bounded from below, and if f is an H-
solution of the Boltzmann equation, then f ′f ′∗ − ff∗ can be
written as |v − v∗|−γ/2Φ(v, v∗) where Φ is in L1

loc(t, v, v∗, θ, φ).
As could be expected, the more the kernels are singular, the
better are the estimates that the entropy yields.

(4) Finally, one may wonder why the entropy production yields
only an estimate on the “non-radial” part (with respect to the
variable x2) of F ; more precisely, on the component of the gra-
dient of F which is orthogonal to x2. In fact, if we think of
what could be the definition of the radial part of some func-
tion G(x1, x2) = g(v)g(v∗)b(|x2|), we see that it should be like
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∫
dθ dφB̃(θ, |x2|)G′ : an average of all G(x1, y) for y describing

a centered sphere of radius |x2|. This is really what appears
in the gain term of a Boltzmann-type collision operator, and
the “non-radial” part of G could be defined as q(G) such that
Q(g, g) =

∫
dv∗ q(G).

In view of its importance, the Coulomb case deserves a particular
treatment. We postpone a precise discussion until section 7, and we
just state the corresponding results.

Theorem 4. (i) Let f0 be an initial condition with finite mass, energy
and entropy. Then, under assumption (C), there exists an H-solution
to the associated Cauchy problem for the Landau equation.

(ii) Let f0 be an initial condition with finite mass, energy and en-
tropy, and let ζε be a sequence of kernels satisfying Assumption (C) and
concentrating on grazing collisions. For all ε there exists an H-solution
f ε of the Boltzmann equation with kernel ζε(θ)|z|−3. Up to extraction
of a subsequence, f ε converges weakly in L1 to an H-solution of the
Landau equation with Coulomb potential.

4. Hard and moderately soft potentials

In all the proofs below, we fix some arbitrary finite time T . We shall
obtain existence results on [0, T ], and this is clearly enough to prove
the existence of a solution on R+.

The method here is a generalization of Arkeryd’s [2]; another one,
very similar, has been used independently by Goudon [21] (expansion
of (11) to a higher order).

We begin with the Boltzmann case. Let f be a function with bounded
mass and energy, we define Q(f, f) by formula (12). The correctness
of this definition is established by Taylor formulas. For example,

ϕ′ − ϕ = (v − v∗, ω)(∇ϕ, ω)

+ (v − v∗, ω)2

∫ 1

0

D2ϕ(v − t(v − v∗, ω)ω)(ω, ω) (1− t) dt;

ϕ′∗ − ϕ∗ = −(v − v∗, ω)(∇∗ϕ∗, ω)

+ (v − v∗, ω)2

∫ 1

0

D2ϕ(v∗ + t(v − v∗, ω)ω)(ω, ω) (1− t) dt.

Noting that

(∇ϕ)(v)− (∇ϕ)(v∗) = O(|v − v∗|),
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and recalling that (v − v∗, ω) = |v − v∗| sin θ

2
, we see that

ϕ′ + ϕ′∗ − ϕ− ϕ∗ = O
(|v − v∗|2θ ∧ 1

)
.

What we are really interested in are the averages of this expression
for all values of the polar angle φ (which does not occur anywhere else
in the definition of solutions). Set

k = ∇ϕ−∇∗ϕ∗, k =

(
k,

v − v∗
|v − v∗|

)
v − v∗
|v − v∗| + k⊥,

and remember that

ω =
v − v∗
|v − v∗| sin

θ

2
+ (cos φ~h + sin φ~ı) cos

θ

2
.

We see that (k⊥, ω) is a linear combination of cos φ and sin φ, so that
when we integrate over φ, this contribution disappears and there only
remains

−
∫ 2π

0

dφ (v − v∗, ω)(k, ω) = −2π sin
θ

2
|v − v∗|

(
k,

v − v∗
|v − v∗|

)
sin

θ

2

= −2π sin2 θ

2
(k, v − v∗) = O(θ2|v − v∗|2),

so that ∫ 2π

0

dφ {ϕ′ + ϕ′∗ − ϕ− ϕ∗} = O(θ2|v − v∗|2).

Remark. It is this simple averaging trick that enables to overcome
the apparent obstruction mentioned by Klaus for giving a sense to the
linearized Boltzmann equation with s < 3 (see [23], p. 895; there the
symbol s means s− 1 in our notations).

Thus, assumption (A) implies that (12) is well-defined provided that
for all compact set K ⊂ R3 × R3

∫

K

ff∗|v − v∗|γ+2 < ∞.

Now, let f0 be a function satisfying the hypotheses of Theorem 1,
and fix some T > 0. We construct a sequence of collision kernels
Bn(z, θ) by truncating ζ close to (θ = 0). In the soft case, we also have
to replace |z|γ by (say) a bounded function with compact support in
velocity space, so as to avoid the singularity of |z|γ near (|z| = 0). Let
Qn(f, f) be the corresponding collision operator. Then, well-known
results of existence [1] for cut-off (hard) potentials can be invoked to
yield a (classical) solution fn of the truncated Boltzmann equation

∂tf
n = Qn(fn, fn), 0 ≤ t ≤ T,
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fn(0) = f0,

preserving mass and energy, and letting the entropy decrease with time.
The conservation laws imply the following a priori estimates : for all

t in [0, T ], the sequence of functions fn(t) is bounded in L1
2∩L log L, so

that it is weakly compact in L1 by the Dunford-Pettis criterion. By a
diagonal extraction argument, there is a sequence of times {tj}, dense
in [0, T ], and a function f ∈ L∞([0, T ]; L1

2 ∩L log L(R3)), such that for
all j, fn(tj) converges weakly in L1 to f(tj) as n →∞.

Now let ϕ(v) be a test function, we remark that the sequence
∫

fnϕ
is uniformly equicontinuous in t : indeed, according to the previous
calculations, for all times t > s ≥ 0,∣∣∣∣

∫
fn(t)ϕ−

∫
fn(s)ϕ

∣∣∣∣ ≤
∫ t

s

dτ

∣∣∣∣
∫

Qn(fn, fn)(τ)ϕ

∣∣∣∣

≤ |t− s|C(ϕ)

∫
fnfn

∗ (1 + |v − v∗|γ+2)

≤ |t− s|C(ϕ)

∫
fnfn

∗ (1 + |v|γ+2 + |v∗|γ+2)

≤ C(ϕ)|t− s| ‖fn‖2
L1

γ+2
,

where C(ϕ) is some constant that does not depend on n, but only on
ϕ and Λ.

In the case when −2 ≤ γ ≤ 0, the uniform energy estimate is enough
to prove the equicontinuity. For true hard potentials, we rather use the
weak formulation of Arkeryd, which yields∣∣∣∣

∫
fn(t)ϕ−

∫
fn(s)ϕ

∣∣∣∣ ≤ |t− s|C(ϕ)

∫
fnfn

∗ (1 + |v|γ+1 + |v∗|γ+1)

≤ C(ϕ)|t− s| ‖fn‖2
L1

γ+1
,

and shows that the energy estimate is also enough since we restrict
ourselves to γ < 1. This manipulation requires however that the singu-
larity in ζ is not too strong : by formulas (5) and (6), γ > 0 corresponds
to s > 5 and thus to a singularity which is at most of order 3/2. But
since we chose to work with Assumption (A), and admit singularities
which may be much worse, we impose slightly stronger conditions to
the initial datum, namely f0 ∈ L1

2+δ for some δ > 0. This is enough to
conclude (see below for similar arguments).

Next, the convergence on {tj} together with the uniform continuity
are enough to conclude that f satisfies the weak formulation given in
the definition. It is also clear that H(f(t)) ≤ H(f0) for t > 0 (by
convexity of t 7→ t log t), and that the mass and momentum of f are
unchanged with time. It remains to check that the energy is preserved.
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For soft potentials we set ϕε(v) = |v|2χ(εv), where χ is some cut-off
function identically equal to 1 near the origin, and pass to the limit
as ε goes to 0 in (12). The result will be 0 in view of the dominated
convergence theorem.

In the hard-potential case this is not so simple because 2 + γ > 2,
so that the energy is not enough to control

∫
Q(f, f)|v|2. It is clear

that the energy can only decrease with time (passing to the limit for
n → ∞), but we have to prove that it is not strictly decreasing. The
best argument in that case may be the one given by Mischler and
Wennberg ([28], Prop. 4.3), which can be adapted to yield the following

Lemma (Mischler, Wennberg). Let f be a weak solution, with finite
mass and energy, of the Boltzmann equation with hard potential. Then
for 0 ≤ t ≤ T , ∫

f(t)|v|2 ≥
∫

f(0)|v|2.

The lemma is there proven for cut-off potentials, but relies only on
the so-called “reverse Povzner inequalities”, that remain valid for non-
cut-off potentials. As a conclusion, for all t > 0,

∫
f(t)|v|2 =

∫
f0|v|2.

Thus f satisfies all the properties required for a weak solution of the
equation.

Remark. For a potential having no singularity for |z| → ∞ or |z| → 0,
we clearly obtain the same conclusion.

It shall be useful to give another version of formula (12), obtained
by expanding ϕ′ + ϕ′∗ − ϕ− ϕ∗ up to order 2 :

ϕ′ + ϕ′∗ − ϕ− ϕ∗ = −(v − v∗, ω)(∇ϕ−∇∗ϕ∗, ω)

+
(v − v∗, ω)2

2
{D2ϕ(v) + (D2ϕ)(v∗)} · (ω, ω) + O(|v − v∗|3θ3 ∧ 1)

for |v − v∗| ≤ K, where K is any fixed positive real number.
As before, we integrate this expression over all values of φ. As for the

quadratic term, we set λij = {∂ijϕ(v) + (∂ijϕ)(v∗)}/2, having chosen

the orthonormal basis (v − v∗/|v − v∗|,~h,~ı), and compute

|v − v∗|2 sin2 θ

2

∫ 2π

0

dφλij ωi ωj;
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by the same argument as before, all terms outside the diagonal vanish
after integration; and the terms on the diagonal are easily seen to be

|v − v∗|2 sin2 θ

2

∫ 2π

0

dφ

(
λ11 sin2 θ

2
, λ22 cos2 φ cos2 θ

2
, λ33 sin2 φ cos2 θ

2

)

= 2π|v − v∗|2
(

λ11 sin4 θ

2
,
λ22

2
cos2 θ

2
sin2 θ

2
,
λ33

2
cos2 θ

2
sin2 θ

2

)
.

The first coefficient is of order greater than 2 in θ; so that, introduc-
ing Πij(v−v∗) the projection on the space orthogonal to v−v∗/|v−v∗|,
the leading order as θ → 0 is

π|v − v∗|2 sin2 θ

2
Πij

(
∂2

ijϕ + (∂2
ijϕ)∗

2

)
.

Finally, we obtain

(47)
1

2

∫ 2π

0

dφ {ϕ′+ϕ′∗−ϕ−ϕ∗} = −π

2
sin2 θ

2
(2(v − v∗),∇ϕ−∇∗ϕ∗)

+
π

2
|v − v∗|2 sin2 θ

2
Πij(v − v∗)

(∂2
ijϕ + (∂2

ijϕ)∗)

2

+O(|v − v∗|2θ4 ∧ 1) + O(|v − v∗|3θ3 ∧ 1)

for |v − v∗| ≤ K.
And, assuming that f ∈ L1([0, T ], L1

γ+2), the corresponding weak
formulation takes the form∫

f(t)ϕ−
∫

f(s)ϕ =

π

2

∫ t

s

∫
dθ

∫
ff∗|v − v∗|γ+2 sin2 θ

2
ζ(θ)

{
2

(
v − v∗
|v − v∗|2 ,∇ϕ−∇∗ϕ∗

)

+
1

2
Πij(v − v∗)

(
∂2

ijϕ + (∂2
ijϕ)∗

)}
+ R,

where the remainder R is bounded by the same arguments as before :
(48)

R ≤ CK(ϕ)|t− s|
∫

dθ θ3ζ(θ)‖f0‖2
L1

2
+ C

∫ t

s

∫
ff∗|v − v∗|γ+21|v−v∗|>K

Now we can prove Theorem 1(ii), and this will at the same time
achieve the proof of Theorem 1(i); of course, we could also prove di-
rectly that there exists a weak solution to the Landau equation by the
same procedure as in the Boltzmann case. No noticeable change occurs
(see section 6 and [16] for related arguments).
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Let ζε be a sequence of nonnegative functions concentrating at θ = 0,
and f ε any sequence of associated weak solutions; we have uniform a
priori bounds on f ε in L1

2 ∩ L log L; repeating exactly the arguments
given for the existence of weak solutions, we see that, up to extraction,
fε converges weakly in L1, for a dense subset of times tj, to some f .
Now, to pass to the limit in the weak formulation, we need to prove
that the remainder R vanishes as ε goes to 0. This is clear in the case
of soft potentials, because

∫
dθ θ3 ζε(θ) −→ 0,

and we see that f checks the weak formulation of the Landau equation.
The end of the proof is as before.

The hard potential case is dealt with thanks to the following

Lemma. Assume γ > 0. Let f0 be in L1
2+δ for some δ > 0 with

2 + δ ≤ 4, and f ε a solution of the Boltzmann equation with initial
data f0 and cross-section |v − v∗|γζε(θ), with or without cut-off. Then
f ε ∈ L1([0, T ], L1

2+γ+δ), uniformly in ε.

The proof of this lemma is easily obtained by a careful reading of the
paper by Mischler and Wennberg [28] for instance. We sketch this in the
Appendix. We note that this is also true for the Landau equation [16].

End of the proof of Theorem 1. The lemma implies that under the con-
ditions given in Theorem 1 (ii),

∫ t

s

∫
f εf ε

∗ |v − v∗|γ+21|v−v∗|>K −→ 0

as K → ∞, uniformly in ε. This allows to pass to the limit in (48)
as ε goes to 0, and we see that f checks the weak formulation of the
Landau equation. The end of the proof is as before; as for the con-
servation of the energy in the hard potential case, it suffices to use
f ∈ L1([0, T ], L1

γ+2+δ) and the dominated convergence theorem to prove
that the energy production vanishes.

Finally, the weak time-regularity holds because moments appear for
the Landau equation just as for the Boltzmann equation [16]. ¤

5. Lack of a priori estimates for very soft potentials

Let us determine precisely what is the second-order (dominant) term
for |v − v∗| near 0. In what follows, R shall denote any rest involving
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terms of order at least 3 in |v − v∗| (and thus, which can be given a
sense without difficulty). We normalize Λ to 1.
∫

Q(f, f)ϕ =
1

2

∫
aijff∗ (∂ijϕ + (∂ijϕ)∗)+

∫
bjff∗ (∂iϕ− (∂iϕ)∗)+R

=

∫
ff∗|v − v∗|γ+2 1

2
[∂ijϕ + (∂ijϕ)∗]

[
δij − (v − v∗)i(v − v∗)j

|v − v∗|2

−2
(v − v∗)i(v − v∗)j

|v − v∗|2
]

+ R.

We want to study the behavior of the expression under the integral
sign near some given point (x1, x2 = 0). To this purpose, we fix x1 and
we see that for x2 = v − v∗ close to 0, the function under the integral
sign behaves like

ff∗|v − v∗|γ+2
∑

λij

(
δij − 3

(v − v∗)i(v − v∗)j

|v − v∗|2
)

,

where λij is as before (computed at x2 = 0).
Now suppose we look for a ϕ that would give us an estimate thanks to

the previous formula : it is necessary that the preceding expression be
nonnegative for all x1. And it is easy to see that there is only one matrix
(λij), up to a factor, such that this expression is always nonnegative,
namely the identity. Indeed, when v − v∗ becomes parallel to an axis,
the last matrix in the right-hand side is proportional to



−2 0 0
0 1 0
0 0 1


 ,




1 0 0
0 −2 0
0 0 1


 ,




1 0 0
0 1 0
0 0 −2


 ,

so that one should have

λ11 ≤ λ22 + λ33

2
, λ22 ≤ λ33 + λ11

2
, λ33 ≤ λ11 + λ22

2
,

and summing up these three inequalities we see that all λii would be
equal. Next, taking v − v∗ proportional to (1/

√
2, 1/

√
2, 0) then to

(1/
√

2,−1/
√

2, 0) we obtain


−1/2 −3/2 0
−3/2 −1/2 0

0 0 1


 ,



−1/2 3/2 0
3/2 −1/2 0
0 0 1


 .

In view of the first one, λ12 has to be nonnegative, and in view of the
second one it has to be nonpositive, so that it is 0. By symmetry, all
the coefficients outside the diagonal must be 0.
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This shows that the second derivative of ϕ must be proportional
to the identity, so that ϕ can only be a collisional invariant. This
proves that we cannot gain anything by such a method, and since the
singularity of the kernel is of order strictly greater than 2 for very soft
potentials, we cannot give a sense to the weak formulation if we only
use the fact that f is in L1

2 ∩ L log L.

6. H-solutions

Now we overcome the difficulty discussed above by the use of H-
solutions for γ ≤ −2. As in section 3, we begin by the Landau equa-
tion. We fix some time T > 0. As usually, we consider a sequence
of smoothed (truncated near the origin) weight functions Ψn(v − v∗),
nonnegative and converging uniformly to |v−v∗|γ+2; let Qn be the asso-
ciated Landau collisional operator. We also regularize f0 by truncature
and convolution, which yields a sequence f̃n

0 of smooth functions with
uniform estimates ∫

f̃n
0 (1 + |v|2 + | log f̃n

0 |) ≤ C.

Next we set

fn
0 = f̃n

0 +
1

n
e−|v|

2/2,

and we solve the Cauchy problem for

(49)





∂tf
n = Q(fn, fn) +

1

n
∆fn

fn(0) = fn
0 .

By standard fixed-point arguments (see [35]), there exists a unique
smooth solution fn. In addition, by the maximum principle [4],

fn(t, v) ≥ Cn,T e−|v|
2/2,

so that | log fn| is bounded by Cn(1+|v|2), and all formal manipulations
involving the entropy are allowed. In particular, the entropy of fn is
decreasing. As for the energy,

∫
fn(t, v)

|v|2
2
≤

∫
fn

0

|v|2
2

+
t

n
‖fn

0 ‖L1 .

Thus we have uniform bounds in L1
2 ∩L log L, and, by Dunford-Pettis,

(fn) is (up to extraction) weakly convergent in L1 on [0, T ]. Let f be
a weak cluster point of (fn).

Now we multiply (49) by a test function ϕ and integrate over R3.
It remains to pass to the limit as n → ∞, in the right-hand side of
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the equation. The diffusion term obviously going to 0 in distributional
sense, we only care of the collisional term. As all the formal manipula-
tions done in section 3 can be performed on fn (which is smooth), the
bound there discussed is

(50)

∫ T

0

dt

∫
dxΠ∇2

√
F n∇2

√
F n ≤ C(f0),

where C(f0) depends only on the mass, energy and entropy of f0 :
indeed, because of the Gibbs lemma, the entropy production can never
exceed H(f)−H(M). By convexity of the functional

u 7−→
∫

dx Π∇2

√
u∇2

√
u,

this estimate is also valid for F since for all ε > 0, F n1|x2|>ε ⇀ F1|x2|>ε

in L1(dt dx) (or alternatively, we use fnfn
∗ ⇀ ff∗ in L1(dv dv∗) and the

convexity of the functional u 7−→ ∫ |x2|γ+2Π∇2

√
u∇2

√
u ).

The other term that we need to control is

(51)
√

F n (Φ− Φ∗) =

{√
fnfn∗

(Φ− Φ∗)
|v − v∗|

}
|v − v∗|

γ
2
+2,

which is uniformly bounded in L2 by the arguments of section 3.
Set β = γ/2 + 2 > 0. The term in curly brackets is clearly bounded

in L2(dt dx). Fix δ > 0, and set

|v − v∗|γ+2 = |v − v∗|γ+2ψ(|v − v∗|) + |v − v∗|γ+2 (1− ψ(|v − v∗|))

= Ψ1(|v − v∗|) + Ψ2(|v − v∗|),
where 0 ≤ ψ ≤ 1 and ψ(|z|) is a smooth function that vanishes identi-
cally for |z| ≤ δ/2, and is identically 1 for |z| ≥ δ.

With obvious notations, QL = Q1
L + Q2

L (this additive property has
been largely used in the context of the Boltzmann equation). Now, as
regards

∫
Q1

L(fn, fn)ϕ, it can be written equivalently in weak form or
in H-form (to see this, it suffices to note that both make sense, and to
use the exchange of variables v and v∗). So we can perform the limit in
weak form, as discussed in section 4. Even if the limit f is not smooth,
the two forms (weak solution and H-solution) coincide, as we shall see
later.

Now, the second term is controlled in view of (50) and (51) :
∣∣∣∣
∫

Q2
L(fn, fn)ϕ

∣∣∣∣ ≤ C(f0, ϕ) δβ.
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To conclude, it suffices to notice that, all these expressions being well-
defined,∣∣∣∣

∫
Q2

L(fn, fn)ϕ−
∫

Q2
L(f, f)ϕ

∣∣∣∣ ≤ 2 C(f0, ϕ) δβ −→ 0 as δ → 0,

uniformly in n.
Thus ∫

Q(fn, fn)ϕ −→
∫

Q(f, f)ϕ,

and the weak H−formulation is satisfied. To end the proof, we check
that when the singularity x2 = 0 is avoided, weak solutions and H−solu-
tions coincide. This is done by a simple convolution regularization ar-
gument. Let ρ be a C∞ nonnegative function with compact support
and unit integral. For η > 0, we set

ρη(x2) =
1

η3
ρ

(
x2

η

)
,

Fη =
(√

F ∗ ρη

)2

,

noting for simplicity F for Fψ(| ·2 |). Of course,
√

F ∈ L2, so that
√

Fη →
√

F

strongly in L2, and, since ‖Fη − F‖1 ≤ ‖√Fη −
√

F‖2‖
√

Fη +
√

F‖2,
we have also

Fη → F

strongly in L1. Now we consider

(52) −1

2

∫
Π∇2Fη (Φ∗ − Φ) .

On one hand, this is equal to∫
Fη

{
1

2
Πij

(
∂2

ijϕ + (∂2
ijϕ)∗

)− 2
(v − v∗)i

|v − v∗|2 (∂iϕ− (∂iϕ)∗)
}

,

which obviously converges to the weak formulation of
∫

QLϕ as η goes
to 0. On the other hand, (52) can also be written

−
∫

Π∇2

√
Fη

{√
Fη (Φ− Φ∗)

}
.

The term into curly brackets converges strongly in L2, while by writing

Π∇2

√
Fη = ∇2

(
Π

√
Fη

)
− x2

|x2|2
√

Fη,

we obtain
Π∇2

√
Fη ⇀ Π∇2

√
F .
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This convergence holds in D′, but Π∇2

√
Fη is bounded in L2, because

Π∇2

√
F ∗ ρη is obviously, and since Π has a bounded derivative away

from (x2 = 0), it is classical that Π∇2

√
Fη− (Π∇2

√
F ∗ρη) is bounded

in L2. So the convergence holds in weak L2. Thus we can pass to the
limit as η goes to 0.

It is noticeable that we are unable to prove that t 7−→ ∫
fn(t)ϕ is

uniformly Lipschitz (and t 7−→ ∫
f(t)ϕ as well). Instead, we recover

only an Hlder estimate with exponent 1/2 by the Cauchy-Schwarz in-
equality,

∣∣∣∣
∫ t

s

Π
(
∇2

√
F

)(√
F (Φ− Φ∗)

)∣∣∣∣

≤
√∫ t

s

Π∇2

√
F∇2

√
F

√∫ t

s

FΠ(Φ− Φ∗)(Φ− Φ∗)

≤ C

√∫ t

s

ff∗C(ϕ)(|v − v∗|2β ∧ 1) ≤ C(f0, ϕ)
√
|t− s|.

Finally, the conservation of energy is obtained as before, multiply-
ing the equation by an approximation of |v|2. For example, we let
ϕε(v) = |v|2χ(εv) where χ is a fixed smooth cut-of function, vanish-
ing for |v| ≥ ε−1; then Φ(v) = 2vχ(εv) + ε|v|2∇χ(εv), and ∇Φ(w) =
χ(εw)+2εw∇χ(εw)+ ε2|w|2∇∇χ(εw). In view of the choice of χ, this
last expression is bounded independently of ε, and this proves that∣∣∣

√
F (∇ϕε −∇∗ϕε∗)

∣∣∣ ≤ C
√

ff∗|v − v∗|β.

Thus we can use the dominated convergence theorem to conclude that
the energy dissipation vanishes.

The whole proof can be repeated with minor modification for the
Boltzmann equation. We only recall the expression corresponding
to (51) :

(53)
√

ζ(θ)

√
F n′ +

√
F n

|x2| (ϕ′ + ϕ′∗ − ϕ− ϕ∗)

and we rewrite for instance the term involving
√

F n (the other term is
estimated thanks to the change of variables (10))

(54)
(√

ζ(θ) θ
) √

fnfn∗

{
(ϕ′ + ϕ′∗ − ϕ− ϕ∗)

|v − v∗|2θ
}
|v − v∗|

γ
2
+2.

Again, we set β = γ/2+2 > 0, we notice that
√

ζ(θ) θ ∈ L2(0, π/2),
and we control the collision term like C(f0, ϕ)δβ for |x2| ≤ δ.
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The entropy production estimate (44) is true for the weak limit F of
F n because the function

(x, y) 7−→ (
√

x−√y)2

is jointly convex. It is classical that this also holds for the more pre-
cise form given by (16) thanks to the joint convexity of the function
(x, y) 7−→ (x− y)(ln x− ln y).

Now, the asymptotics of grazing collisions are performed in exactly
the same manner : we introduce a sequence of kernels ζε as discussed in
section 3, split the cross-section in two, and we obtain the convergence
of the solutions thanks to the proof of the moderately soft case. We
need to check that the estimate obtained by (53) is uniform in ε : this
is true because ∥∥∥

√
ζε(θ) θ

∥∥∥
L2(0,π/2)

≤ C.

The only delicate point is to prove that the entropy production esti-
mate is satisfied by the limit. This stems from the inequality

(55) 2Λ

∫
dt dx Π∇2

√
F∇2

√
F ≤

limε→0 4

∫
dt dθ dφ ζε(θ) sin2 θ

2

∫
dx

∣∣∣
√

F ε(x′)−
√

F ε(x)
∣∣∣
2

|x′2 − x2|2 ,

where F ε = f εf ε
∗ψδ(|v − v∗|), with ψδ(|z|) an approximation of |z|γ+2,

smooth and identically vanishing near z = 0 and |z| → ∞, so that
F ε ⇀ F in L1. Let us detail a little bit the proof of (55), which is
nothing but a statement of stability of the entropy production.

First of all, we rewrite the integral in the right-hand side as

4

∫
dt dθ dφ ζε(θ) sin2 θ

2

∫
dx

(
F ε(x′)− F ε(x)

|x′2 − x2|
)2

1

(
√

F ε(x′) +
√

F ε(x))2
.

By assumption,

ζε(θ) sin2 θ

2
dθ =

2

π
Λεdλε,

where λε is a probability measure on (0, π) with Λε → Λ and dλε ⇀ δ0

as ε goes to 0.
The function

C : (a, b, c) 7−→ a2

(
√

b +
√

c)2

is jointly convex on R × R+ × R+, as can be checked from the study
of its hessian matrix. Hence, by Jensen’s inequality, the integral in the
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right-hand side of (55) is bounded below by

8

π
Λε

∫
dt dx dφ

(∫
dλε

F ε′ − Fε

|x′2 − x2|
)2

1
(√∫

dλε F ε′ +
√

F ε
)2 .

Now, we note a slight complication : the angle φ is well-defined only
depending on x2. It is only locally that it can be given a meaning
independently of x2 (because there exists no smooth field in C(S2, S2)
such that α(x) · x ≡ 0). This is however not serious, since we can
localize the problem by using a finite partition of unity 1 =

∑
i χi(x2),

with support in open sets Ωi, and give a sense to φ in each Ωi separately
(as long as we can avoid the origin, which is the case since F ε vanishes
identically near x2 = 0). In this sense we can handle test functions
depending on φ, x1, x2, and by easy duality arguments, prove that∫

dλε F ε′ ⇀ F in L1(dt dx1 dx2 dφ), x2 ∈ Ωi

∫
dλε

F ε′ − Fε

|x′2 − x2| ⇀ ∇2F (x) · x⊥2 in D′(dt dx1 dx2 dφ), x2 ∈ Ωi

where x⊥2 = x⊥2 (φ) is the unit vector orthogonal to x2 whose direction
is given by the angle φ (again, x⊥2 is well-defined in each open set Ωi).

Now, by convexity of C,∫
C

(∇2F (x) · x⊥2 , F, F
) ≤ lim

∫
C

(∫
dλε

F ε′ − Fε

|x′2 − x2| ,
∫

dλε F ε′, F
)

,

where we add the contributions of all the open sets Ωi, and the integrals
are taken with respect to dt dx dφ and defined by duality through a
standard Legendre transform,∫

C(F,G, H) = sup
ϕ,ψ,χ

(∫
Fϕ +

∫
Gψ +

∫
Fχ− j∗(ϕ, ψ, χ)

)
,

the supremum being taken over smooth test functions. Hence, the
right-hand side of (55) is bounded below by

2

π
Λ

∫
dt dx dφ

|∇2F · x⊥2 |2
F

= Λ

∫
dt dx

|Π∇2F |2
F

.

Therefore, it only remains to check that∫ |Π∇2F |2
F

= 4

∫
|Π∇2

√
F |2,

i.e. that the definition by the Legendre transform and the definition
in terms of L2 norm of a distribution coincide. This is true if F is
smooth (and bounded below) in the x2 variable, but in fact, thanks
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to the orthogonal projection Πx⊥2
, it suffices to check the regularity in

x2 in the directions orthogonal to x2 (i.e. a hyperplane instead of the
whole space). Therefore, we define a kind of convolution adapted to
our problem : setting x2 = |x2|` (` ∈ S2), we construct a family of
functions βη(k, `) (η > 0) such that

∫

S2

βη(k, `) dk = 1,

Fη(x1, x2) ≡
∫

S2

dk βη(k, `)F (x1, |x2|k) −→ F (x1, x2) in L1

(βη is obtained for instance by the use of the Laplace-Beltrami operator;
note that the last expression, integrated along v∗, resembles a gain term
for an artificial Boltzmann-type operator).

Now, by convexity and lower semi-continuity, we easily get

4

∫
|Π∇2

√
F |2 ≤ limη→04

∫
|Π∇2

√
Fη|2 =

∫ |Π∇2Fη|2
Fη

≤
∫ |Π∇2F |2

F
.

In the last inequality, we made use of Jensen’s inequality, and the fact
that F 7→ ∫ |Π∇2F |2/F is rotation-invariant with respect to x2. (A
variant of this argument can be done using a full regularization by
convolution with a family of mollifiers with small compact support, i.e.
of size less than δ/2).

The reverse inequality (which is useless for our purposes) is immedi-
ate, and thus our claim is proven.

7. The Coulomb potential

This short section is intended to make the paper self-contained and
detail the Coulomb case; some formulas are extracted from [12]. No
new technicalities are introduced here.

Contrarily to what occurs in the preceding section, the Boltzmann
equation does not make sense for Coulomb potential, while the Landau
equation does if one assumes Λ < ∞. We insist that no confusion
should be made between Λ and what is known in the physical literature
as the Coulomb logarithm, and sometimes denoted by log Λ ! In our
notations, it is log ε−1 that will play the role of the Coulomb logarithm.

The natural potential in a plasma is the Coulomb potential,

Φ(r) =
1

4πε0

q

r
,

q being the charge of the particle. For such a potential, denoting by m
the mass of the particles, the cross-section is given by the Rutherford
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formula,

B̃(z, θ) =

(
q2

4πε0m

)2
2

|z|3
cos θ

2

sin3 θ
2

.

The Boltzmann equation apparently cannot make sense for this cross-
section. But in the case where two species of particles of opposite sign
are present, there is a screening effect on distances of the order of the
Debye length λD, depending on the mean density ρ and temperature of
the plasma. To this effect corresponds the so-called screened Coulomb
potential (or Debye potential, or Yukawa potential),

Φ(r) =
1

4πε0

q

r
e−r/λD ,

and e−r/λD is usually approximated by 1r≤λD
. Eliminating the collisions

with impact parameter greater than λD amounts to truncating the
kernel for θ smaller than

θm =
1

π

1

ρλ3
D

.

Up to a factor 1/π, θm coincides with the so-called plasma parameter,

g ≡ 1

ρλ3
D

∼
(

d

λD

)3

,

where d is the mean distance between particles. In plasma physics, one
usually assumes that g is very small, or equivalently that the Debye
length is very large compared to the intermolecular distances. To a
given g corresponds

ζg(θ) = ζ(θ)1θ≥g/π.

We turn to adimensional forms by using a set of well-chosen units,
and we set ε = g/π; we can choose

ζ(θ) =
cos θ

2

sin3 θ
2

,

(56) ζε(θ) =
1

log ε−1
ζ(θ)1θ≥ε.

so that
π

2

∫
sin2 θ

2
ζε(θ) ∼ π/2

log ε−1

∫ π/2

ε

dθ

θ/2
−→ Λ = π

as ε goes to 0. This enables us to prove Theorem 4 as a variant of
Theorem 3(ii), obtained under assumption (B) : any sequence of H-
solutions of the Boltzmann equation with screened Coulomb potential,
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renormalized by log ε−1 as in (56), converges, up to extraction, to an
H-solution of the Landau equation.

Remarks.

(1) The exact compution of the cross-section for the Debye poten-
tial yields in fact [39] a cross-section of the form

B̃ε(z, θ) =
|z| sin θ

2
(|z|2 sin2 θ

2
+ ε|z0|2

)2 ,

where z0 is a constant having the dimensions of a velocity. This
does not change the conclusion.

(2) At the opposite to the above considerations, several authors (in
particular Balescu) consider the Landau equation as an approx-
imation of the Balescu-Lenard equation, which can be given a
sense without any screening assumption [5, 31].

It is possible to rewrite Theorem 4 in a compact self-contained form,
by a change in the time-scale, as follows.

Theorem 4′. Let f0 be an initial condition with finite mass, energy
and entropy. Let fg be a sequence of H-solutions of the Boltzmann
equation with screened Coulomb potential corresponding to ζg(θ), with
initial data f0. Set f ε(t) = fg(t/ log g−1). Then, up to a subsequence,
f ε(t) converges weakly in L1 to an H-solution f of the Landau equation.

It is now clear that the screening hypothesis exactly amounts to
assume that for some g > 0 the behaviour of the plasma is described
by fg, and to take f(log g−1 ·) as an approximation of fg.

Appendix A. Uniform gain of moments

In this very short appendix, we explain how one obtains the lemma of
uniform gain of moments which was used for hard potentials. Let f be
a weak solution of the Boltzmann equation with cross-section |z|γζ(θ).
Assume that f0 ∈ L1

2+δ for some δ > 0. The following formulas, ob-
tained by multiplying the equation by approximations of the function
|v|2+δ, integrating, and then passing to the limit, are extracted from a
recent paper by Mischler and Wennberg [28].

∫
f(T )|v|2+δ dv ≤

∫
f0|v|2+δ dv+

∫ T

0

dt

∫
ff∗K(v, v∗)|v−v∗|γ dv dv∗,

K(v, v∗) =

∫
ζ(θ)

(|v′|2+δ + |v′∗|2+δ − |v|2+δ − |v∗|2+δ
)

dφ dθ

≡ G(v, v∗)−H(v, v∗),
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with

H(v, v∗) = 2π

∫ π/2

0

ζ(θ)

{
|v|2+δ sin2 θ

2
+ |v∗|2+δ cos2 θ

2

−
(
|v|2 sin2 θ

2
+ |v∗|2 cos2 θ

2

)1+ δ
2

}
dθ

≥ c1

(|v|2+δ + |v∗|2+δ
)
χ(v, v∗),

where χ(v, v∗) = 1{|v|/|v∗|≥2 or |v∗|/|v|≥2}. Indeed, let

X =
|v|2

|v|2 + |v∗|2 ∈
[
0,

1

5

] ⋃ [
4

5
, 1

]
if χ(v, v∗) = 1;

H can be rewritten as

(|v|2 + |v∗|2
)1+ δ

2

∫
dθ ζ(θ)

{
X1+ δ

2 sin2 θ

2
+ (1−X)1+ δ

2 cos2 θ

2

−
(

X sin2 θ

2
+ (1−X) cos2 θ

2

)1+ δ
2

}
.

For X in the range considered, the expression in curly brackets is uni-
formly bounded from below by a multiple of θ2 (if θ varies from 0 to
π/2), so that the whole expression is bounded from below by a multiple
of

∫
ζ(θ)θ2 dθ. This proves that c1 ≥ CΛ, if we still denote by Λ the

total cross-section for momentum transfer, and C a universal constant.
It is also shown in [28] that the remainder H(v, v∗) is bounded

by C(|v||v∗|)1+δ/2
∫

dθ ζ(θ) sin2(θ/2) cos2(θ/2). This proves that G ≤
c2 (|v||v∗|)1+δ/2 with c2 ≤ CΛ. The usual proof of the gain of moments
[14, 28] now yields

∫ T

0

dt

∫
f(t)|v|2+γ+δ ≤ C

(
1

c1

∫
f0|v|2+δ +

c2

c1

E2T

)
,

E denoting the energy of f0. This bound depends on ζ only through Λ.
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